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With high efficiency, low noise and independence of fossil fuel, electric machines 
are widely adopted as energy conversion devices, consuming a majority amount of energy 
available from the power grid, and are widely applied in the industrial systems and house 
appliances. The synchronous reluctance machines (SynRMs) have attracted a significant 
amount of attention in the recent decades among other types of electric machines due to its 
independence from permanent magnets (PMs). The PM-free rotor brings down the cost of 
the SynRM, while a normal drive designed for use with synchronous machines can be 
utilized. The single-phase induction machines (IMs), on the other hand, have long been 
applied in household appliances due to their low cost and ability to work under the one-
phase power supply. Consequently, finding the optimal designs of the two types of 
machines is of great importance for saving energy, reducing the production costs, as well 
as improving the machine performance. 
The objective of this dissertation is to develop the analytical electro-magnetic (EM) 
models for SynRMs and single-phase IMs, so as to generate the optimal designs to improve 
their performance. For the SynRM, a universal analytical model is proposed based on the 
Maxwell’s equations and the conformal mapping technique. The saturation effect in the 
iron region is modeled with the help of the magnetic equivalent circuit (MEC) model. For 
the single-phase IM, the equivalent circuit model is adopted in order to analyze the machine 
performance from the design parameters. The analytical models are able to calculate the 
machine performance indices (PIs) from the machine design parameters with significantly 
reduced time consumption compared with the finite element analysis (FEA) method. Such 
 xiv 
time efficiency is desired during the design optimization process, when hundreds or 
thousands of designs need to be evaluated during the iterations.  
The evolutionary algorithms such as particle swarm optimization (PSO) and 
differential evolution (DE) are adopted as optimizers for finding the optimal machine 
designs based on the analytical models. Multi-objective design optimization is conducted 
on both the SynRM design problem, where the algorithms converge to the Pareto front, 
and the single-phase IM design problem, where a weighted-sum of the PIs is chosen as the 
objective function. The PIs of the solved optimal designs are validated through FEA 
simulations, proving the accuracy of the analytical models and the effectiveness of the 






CHAPTER 1. INTRODUCTION 
1.1 Background 
With high efficiency, low noise and independence of fossil fuel, electric machines 
are widely adopted as energy conversion devices, consuming a majority amount of energy 
available from the power grid, and are widely applied in transportation systems, robots, 
house appliances and cooling systems [1]. Born about 200 years ago, electric machines 
have experienced tremendous development in the recent 30-40 years, yielding higher 
efficiency, higher torque density and lower costs, as well as faster and more accurate 
control techniques [2]. 
1.1.1 Development of Electrical Machine Technology 
Researchers and engineers have achieved advances in electrical machine 
technology via majorly the following two paths: better control methods and more advanced 
designs. Field-oriented control [3] and direct torque control [4] are currently the most 
widely adopted control techniques for AC machines. With the help of modern power 
electronics, PI controllers, as well as accurate sensors, these two control methods are 
generally able to provide accurate and fast control on torque output, speed and position of 
common AC machines. Sensorless control [5] is another popular research area in the 
literature, due to its independence from sensors which reduces cost and improves 
reliability. For the high-speed machines, special control techniques [6-8] are required due 
to the mechanical limit of the sensors.  In addition, optimal control methods are proposed 
with the objective of maximizing the torque density [9], reducing the torque ripple [10], 
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improving the efficiency [11], etc., with the purpose of improving one specific performance 
index of the machine. 
New designs have been emerging rapidly since the birth of electrical machines. 
Design innovations include invention of new types of machines, new topologies based on 
the existing type, as well as application of new materials. Among all the types of machines, 
AC induction machines and synchronous machines are currently the most widely applied 
ones [2], whose design optimization on topologies are extensively discussed. Better 
materials are meanwhile available thanks to the development of material science and 
production techniques, bringing us the cold-rolled electrical steel, permendur alloy [12] 
such as Hiperco 50, rare-earth magnet [13] such as NdFeB, as well as super-conductors 
[14]. Such new materials provide lower iron loss, higher saturation point, more energy 
density and lower copper loss, thus are coveted by the machine design industry when the 
product to be designed is less cost-sensitive and aims more at better performance. 
1.1.2 Common Types of Electrical Machines and Their Applications 
The most widely applied machines in the industry nowadays can be roughly 
categorized into the following types: DC machines, induction machines (IMs), 
synchronous machines and switched reluctance machines (SRMs).  
A DC machine can be excited by either permanent magnets (PMs) or field 
windings. The magnetic field produced is orthogonal with the field generated by the 
armature winding, making the control of DC machines much more benign.  Furthermore, 
the DC machine has a linear torque-speed curve, and the torque does not drop too much 
when the speed increases, which is a major advantage in most industrial applications. DC 
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machines are adopted widely in paper mills, steel mills and trains, where sufficient starting 
torque and accurate control are desired. However, the existence of brushes limits the speed 
and lifespan of the DC machine, as well as increasing its mechanical complexity, leading 
to reduced reliability. Consequently, brushless DC machines are invented in order to get 
rid of the brushes. The brushless DC machine relies on power electronics appliances to 
provide the commutation, thus replaces the brush and commutator in a traditional DC 
machine. Such technique makes the machine more similar to a synchronous machine fed 
by a DC line through a multi-phase inverter, resulting in the complexity of control, and 
introduces other problems such as torque ripple and harmonics [15]. 
The induction machine may have either a caged rotor or a wound rotor with the 
windings shorted. The squirrel-cage induction machine is the most produced type of 
machine in industry due to its low cost and easiness of manufacturing. Common induction 
machines can be either three-phase, mostly applied in industry, or single-phase, ubiquitous 
in household appliances such as fans. The wound-rotor induction machine can also be 
designed as a generator, whose stator and rotor are both fed, thus named doubly fed 
induction generator, and are generally applied on wind turbines [16]. Control of induction 
machines, however, can be tricky due to the coupling of stator and rotor windings. Field-
oriented control [17] or direct torque control [4] is usually adopted to achieve accurate 
control of induction machines, requiring reliable power electronics devices and inverters. 
The most common type of synchronous machine is the permanent magnet 
synchronous machine (PMSM). Rare-earth permanent magnet materials such as NdFeB 
provide high energy density, which is desired in transportation applications such as electric 
vehicles [18]. Such materials are subject to high cost, making the permanent magnet-free 
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version of synchronous machine stand out. The synchronous reluctance machine (SynRM) 
is the most common type of magnet-free synchronous machine. The stator of an induction 
machine can be directly applied to the SynRM, while the SynRM rotor needs to be 
punctiliously optimized and engineered in order to achieve better performance such as 
higher torque density and lower torque ripple [19]. The SynRM is capable of achieving 
higher efficiency than the induction machine since there is no copper loss on the rotor, 
while the torque density of the SynRM is not as high as synchronous machines with 
permanent magnets. As a consequence, small volumes of permanent magnets can be added 
in the rotor flux barriers of the SynRM, making it a permanent magnet-assisted 
synchronous reluctance machine, which lies in the middle of SynRM and PMSM in both 
cost and torque density. 
The switched reluctance machine (SRM) [20] is another prevalent type of magnet-
free machine. Advantages of the SRM include rigid structure, high reliability, fast dynamic 
response and low cost [21-24]. Disadvantages such as high noise level, large torque ripple 
are all substantial and cannot be ignored. Dependence on a specifically designed drive 
further limits the application of the SRMs. 
1.1.3 Design Procedures of Electrical Machines 
A typical machine design process includes the following steps [25]: electrical 
design, magnetic design, thermal design and mechanical design. 
The rated voltage, frequency, and number of phases are typically specified in the 
machine design requirements for the electrical design. The designer needs to choose the 
proper values of number of poles and slots, winding layouts, as well wire gauges.  
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The magnetic design is usually conducted along with the electrical design, since the 
magnetizing current in the winding creates magnetic field in the machine. Magnetic 
equivalent circuit (MEC) model is a handy tool for electro-magnetic modeling, while the 
finite element analysis (FEA) provides a more accurate solution. Flux densities in the iron 
parts and air-gap should be specified during magnetic design by choosing the proper 
geometries of rotor and stator, as well as the air-gap length. 
A proper thermal design is crucial since cooling of the machine affects its 
performance and lifespan. Better cooling can be achieved by optimizing geometry of the 
machine so that air circulation can be improved. Water cooling or oil cooling techniques 
can also be applied to obtain outstanding performance.  
The mechanical stress field of the machine should also be analyzed during the 
design procedure in order to ensure the mechanical stability and robustness. A better 
mechanical design can also lead to reduced noise and vibration, which is desired in most 
cases. Proper bearings should be chosen according to the design requirements and working 
conditions of the machine.  
1.1.4 Design Optimization of Electrical Machines 
With all the electro-magnetic, thermal and mechanical problems included, 
designing a new machine from scratch takes a considerable amount of time. Modern 
designers usually develop machines based on previous designs by making adjustments and 
optimizations according to specific design requirements. A novice designer may utilize the 
FEA tools to conduct design optimization, which is generally intuitive and time-consuming. 
Optimizing the design parameters based on an analytical model is capable of saving large 
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amount of time and is able to provide a good starting point for further FEA analysis, which 
fine-tunes the parameters for a more optimized design. 
1.2 Problem Statement 
As stated in the previous section, design optimization of electrical machines is 
commonly conducted in order to obtain a desired design. This research focuses on 
developing general optimization methods for synchronous reluctance machines (SynRMs) 
and single-phase induction machines (IMs), since the SynRM is proved to have the 
potential of replacing the mass-produced three-phase induction machine [19] with the 
advantage of higher efficiency, and the single-phase IM is the mostly produced type of 
machine and is commonly found in major house appliances. 
The objective of the proposed research is to develop the analytical electro-magnetic 
(EM) models for SynRMs and single-phase IMs, so as to generate the optimal designs to 
improve their performances. For the SynRM, a universal analytical model is proposed 
based on Maxwell’s equations and conformal mapping. Saturation effect is modeled with 
the help of the MEC model. For the single-phase IM, the equivalent circuit model is 
adopted in order to analyze the machine performance from the design parameters. 
Evolutionary algorithms are used to conduct the multi-objective optimization 
(MOO) for the SynRM and single-phase IM. The optimal designs show improved 
performance compared with the original designs, and the time consumed is acceptable due 
to the time efficiency of the analytical model.  
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The ultimate goal of this research is to create a computationally efficient design 
tool that has the ability to rapidly locate an optimal design candidate which satisfies the 
design specifications and objectives. Once the optimal design candidate is located, a final 
design can be easily completed by further refinement using the commercially available 
FEA software. 
1.3 Dissertation Outline 
The dissertation is organized as follows: 
Chapter 2 presents a comprehensive review of the literature on the modeling and 
design optimization of SynRMs and single-phase induction machines. 
Chapter 3 introduces a generalized and time-efficient EM model that solves the 
performance indices of the SynRM such as torque, efficiency and weight, which are the 
cornerstones of a fast optimization process. 
Chapter 4 synthesizes the proposed EM model with evolutionary optimization 
algorithms so as to develop MOO of the SynRM, and generates the optimal designs under 
different design objectives. 
Chapter 5 presents the equivalent circuit model of the single-phase induction 
machine. MOO is developed based on the model, yielding better performance compared 
with the original design. 
Chapter 6 summarizes the conclusions, the contributions, and the recommendations 
for future work. 
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CHAPTER 2. LITERATURE REVIEW 
 This chapter presents a comprehensive literature survey to summarize the electro-
magnetic (EM) modeling and design optimization methods of synchronous reluctance 
machines (SynRMs) and single-phase induction machines (IMs). For the SynRM, existing 
modeling methods are primarily based on either Finite Element Analysis (FEA), which is 
time consuming, or the magnetic equivalent circuit (MEC) models, which are subject to 
uncertainty. For the single-phase IM, existing design methods require a considerable 
number of heuristic rules established decades ago, which are mostly based on past 
experience and are not scientific. The review of literature leads to a conclusion that novel 
modeling methods and design approaches are essential for modern optimal designs of 
SynRMs and single-phase induction machines. 
2.1 Electromagnetic Modeling of Synchronous Reluctance Machines 
 A proper EM model of the SynRM is crucial during the optimization process. The 
EM model should equip the designer with abilities of accurately calculating the machine 
performance indices, such as torque, efficiency and weight, in a short period of time from 
the machine design parameters, such as geometrical parameters and electrical parameters. 
It is thus obvious that the accuracy and rapidity of the EM model are both desired, and in 
most cases a compromise has to be made between the two qualities. 
2.1.1 Numerical Methods 
 Finite element analysis is the most popular numerical analysis tool, since it offers 
trustworthy results for EM fields within SynRMs with complex geometries and nonlinear 
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properties. The FEA is based on subdividing the entire solution domain into small parts 
called finite elements. Each element is modeled separately, after which the equations are 
assembled, and the solutions are approximated. The subdivision creates small solving 
areas, which is substantial for accurately solving the EM field within the SynRM, since the 
EM field variation is subject to impact of various aspects such as saturation and anisotropy 
of the material. Furthermore, size of the meshes can be adjusted based on the complexity 
of the solution domain. A fine mesh is necessary for the areas with complicated geometrical 
shapes or rapid field changes, while a rough mesh is adequate for the less complicated areas 
in order to reduce the complexity. Consequently, the FEA generally yields accurate EM 
field solutions that match well with experimental results. Figure 2.1 [26] indicates a typical 
mesh when analyzing the SynRM with FEA tool. It can be observed that denser meshes 
are applied at the air-gap region, since accurate calculation of machine performance 
requires precise and trustworthy solutions of the air-gap magnetic field. Fine meshes are 
also operated at the tips of the teeth, due to the complexity of the saturation level at these 
parts. Since saturation is generally not severe in rotor and stator yokes, sparser meshes are 
observed in these areas of the machine. 
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Figure 2.1 Meshing of the SynRM [26]. 
Researchers have been analyzing various SynRM performance indices (PIs) 
including efficiency, torque density, power factor, torque ripple, weight and volume with 
the help of the FEA tool. Reference [26] adopts the FEA method in order to analyze rotor 
iron losses of the SynRM. The interaction between the rotor iron losses and several 
machine geometrical parameters is discussed. The rotor shape and the number of flux 
barriers for a 15kW SynRM are optimized to achieve the highest efficiency in [27]. 
Coupled FEA and Preisach modeling is used in [28] in order to evaluate the efficiency of 
a SynRM under the effect of saturation and hysteresis loss. The FEA tool is also utilized in 
[29] in order to study the effects of the rotor design parameters of a permanent-magnet-
assisted SynRM.  
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The FEA is also an efficient tool in research with the purpose of improving the 
torque density and power factor of the SynRM. The p-pair, two barrier rotor is focused in 
[30], and the optimal distribution of air and iron for the maximum torque is given with the 
help of FEA approach. Saturation effects and other nonlinearities are also included by FEA 
simulations in order to determine the best rotor design parameters for better torque density 
performance. In [31], the torque density is optimized by adjusting the rotor geometric 
design function from an existing machine or a preliminary design. Reference [32] analyzes 
the effect of the number of flux barriers in order to achieve maximum saliency ratio, and 
reveals the optimum ratio of flux guide/flux barrier thicknesses. In addition, the appropriate 
value of saliency ratio is investigated to maintain a power factor competitive with an 
induction machine [33].  
Approaches for reducing the torque ripple of the SynRM have been extensively 
proposed, with the help of FEA tools. Asymmetric flux barrier arrangement is adopted in 
[34], so that the relative positions between the outer edges of the flux barriers and the stator 
teeth do not correspond. The effect of the torque-ripple reduction is then examined by FEA, 
showing satisfying results. Reference [35] examines the relation between the torque ripple 
and the width of the slit in stator slots using FEA, and it is indicated the torque ripple is 
minimized when there is no slit. Geometry of rotor flux barrier is chosen in [36, 37] so as 
to reduce torque ripple, and it is verified that the position of the outer edges of the flux 
barriers have a large impact on the torque ripple. 
The FEA tool is arguably the most accurate modeling tool for analyzing the EM 
field of electrical machines. One fatal and perhaps the only disadvantage, is the 
computational complexity and time consumption, which limits the FEA as a modeling and 
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verification tool rather than a design tool under the limited computing capability of current 
PCs and servers used by most designers. Such complexity originates from the effort of 
solving the equations from each individual finite element, and is further increased when 
sophisticated meshes are made due to the need of a better resolution in the final solution. 
Three-dimensional (3D) problems [38, 39] complicates the FEA calculation to a higher 
level with the addition of a new dimension, which requires larger numbers of 3D meshes 
in either tetrahedrons or triangular prisms. Consequently, great effort has been made in 
literature and industry in order to reduce the computational complexity of the FEA. 
The domain decomposition method is one of the popular efficient FEA techniques. 
Such method is based on decomposing the original solution area into several sub-domains, 
and solves each sub-domains simultaneously by taking advantage of the parallel computing 
method. Reference [40] proposes the dual-primal finite-element tearing and 
interconnecting method that improves the efficiency of 3D FEA for solving EM field in 
electric machines. Such method is based on the sub-domain method while adopting higher 
order hierarchical basis functions in order to solve the low-frequency breakdown problem. 
Similarly, the numerous time steps in a time-stepped FEA can be grouped in several 
domains and be computed concurrently, thus forming the time decomposition method [41]. 
Both a steady-state simulation of a periodic physical problem and a general simulation of 
a non-periodic transient model are introduced in [41], so as to illustrate the effectiveness 
of the time decomposition method. Combining the FEA method with analytical models is 
another idea for conducting fast simulations. Reference [42] proposes the finite-element 
surrogate model that employs the FEA for only limited number of times with the purpose 
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of calculating the preliminary values such as the magnetic vector potential in the coils, 
while the machine performance is then calculated from the analytical model. 
2.1.2 Magnetic Equivalent Circuit Models 
Pure analytical models outweigh the FEA method in terms of computational 
efficiency thanks to the fewer numbers of equations involved in the model. The accuracy 
of the results, however, is usually on the lower end of the spectrum. The magnetic 
equivalent circuit (MEC) model has been a popular analytical model among machine 
designers for decades due to its similarity with electrical circuits, which makes the 
modelling process intuitive. The MEC models the magnetic field within the machine in a 
similar way as the electrical circuit models the electrical field within the conductors. The 
air and iron region in the machine are segmented arbitrarily and modeled as reluctance in 
the MEC, similar to the resistance in electric circuits. The amp-turns produced by the stator 
windings in a SynRM is modeled as magnetomotive force (MMF) in the MEC, similar to 
the voltage source or electromotive force (EMF) in an electric circuit. The similar 
components in the MEC and the electrical circuit are presented for comparison in Table 
2.1. 
Table 2.1 Comparison of the MEC and Electrical Circuit Elements. 
MEC Element Electrical Circuit Element 
MMF: F (Amp-turns) EMF: e (V) 
Flux:  (Wb) Current: i (A) 
Reluctance: Rm (H-1) Resistance: R (Ω) 
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Table 2.1 continued 
Magnetic potential drop: 
𝐻𝑙 = 𝑅𝑚 
Electric potential drop: 











The MEC model schematic for a two-pole SynRM is shown in Figure 2.2. It can be 
observed that the SynRM is divided arbitrarily into eight regions, making it easier to be 
represented by a circuit model. The magnetic fluxes are assumed to flow at the certain 
directions, thus forming a magnetic circuit. The MMF generated by stator windings are 
modeled as MMF sources in the MEC, while the air regions are represented by reluctances. 
Reluctances of the iron parts are neglected in this model since infinite permeability is 
assumed on the iron. 
 
Figure 2.2 MEC model for a two-pole SynRM [43]. 
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The magnetic circuit can then be analyzed with similar approach as analyzing the 
electrical circuits, yielding calculated results of the magnetic potentials on the MEC nodes 
and the flux values in the MEC branches. The flux densities in each section of the SynRM, 
which is crucial for calculating the machine performance, can be derived directly from the 
magnetic flux values. 
The MEC model has been widely adopted by researchers in order to roughly 
analyze SynRMs in a dramatically faster way than the more accurate FEA approach. A 
standard MEC model is applied and simplified in [44] to relate the machine design 
parameters to its performance indices. References [45] and [46] applied an MEC model to 
analyze performance of the SynRM with single and multiple flux barriers per pole when 
eccentricity happens. Conformal mapping technique is applied in [43, 47, 48] in order to 
provide an accurate calculation of the magnetic reluctance in flux barriers of SynRM due 
to their complex geometries, yielding convincing results of the calculated air-gap flux 
densities when compared with FEA simulation. 
While most MEC models proposed for SynRMs are built as linear circuits without 
considering the saturation effect, there are some recent works focused on building a 
nonlinear MEC based on B-H curves of rotor and stator steel. Local saturation factors are 
defined so as to adjust the flux-density distribution in [49], where slot effects are also taken 
into account. Such model is then improved in [50] with rotor eccentricity considered. 
Relations of both average and torque harmonics to the rotor geometry are derived in [51], 
where the maps showing the torque harmonics as a function of the rotor barrier angles are 
also derived. 
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2.1.3 Models Based on Maxwell’s Equations 
It can be discovered from the previous discussion that the MEC model depends on 
assumption of the flux paths, leading to inevitable uncertainty and inaccuracy. Figure 2.3 
[52] is an example of the assumed flux distribution in the air-gap of a permanent-magnet 
synchronous machine (PMSM). The arrows are mimicking the flux distribution, but may 
never match with the real case. Similar problem can also be observed in Figure 2.2, where 
all flux paths are assumed to flow in radial directions, while the circumferential 
components are neglected. 
 
Figure 2.3 Assumed flux distribution in the air-gap of a PMSM [52]. 
Therefore, analytical model based on Maxwell’s equations is proposed, since the 
equations are universal for EM field problems, and are capable of providing EM field 
solutions at any spatial positions. Drawback of the Maxwell’s equations majorly lies in 
their complication to solve, which require complicated mathematical derivations and skills. 
Nevertheless, such complication does not affect the computational speed of such models, 
as they are also analytical models described by closed-form expressions, and are fast to be 
solved by normal desktop computers. 
 17 
Maxwell’s equations have been well adopted for modelling electrical machines 
with relatively simple geometries, such as PMSMs and switched reluctance machines 
(SRMs). Reference [53] is one of the earliest works adopting Maxwell’s equations in 
machine analysis. It utilizes the concepts of permeance and MMF, and involves the solution 
of the Poissonian field in the airgap/magnet region in order to taking slot effect into 
account. The cogging torque in surface PM machines is analyzed by utilizing conformal 
mapping method as well as Maxwell’s equations in [54], where the principle of complex 
relative air-gap permeance derived from conformal transformation of the slot geometry is 
proposed. Reference [55] applied similar approaches, but focused more on calculation of 
the magnetic field distribution in the slotted air-gap of PMSMs, while [56] calculates the 
electromagnetic torque from the Maxwell stress tensor.  
Researchers have also tried to adopt Maxwell’s equations as a more accurate 
substitute for MEC models in SRM analysis and optimization applications. Radun’s two 
sequential papers [57, 58] present analytical equations to calculate the inductances at both 
unaligned position and the positions when the stator and rotor poles overlap. Unsaturated 
phase inductance of 4/2 and 6/4 SRMs are accurately calculated in [59-61] by adopting 
partial differential equations and magnetic potentials.  
However, modelling with Maxwell’s equations in SynRMs is more challenging 
because of the complicated structure of the SynRM rotor. Reference [43, 47, 48] apply 
conformal mapping and solve a basic potential equation to obtain the magnetic field in flux 
barriers, but then calculate the reluctances of flux barriers and build an MEC model, rather 
than keep solving the magnetic field distribution in the machine with Maxwell’s equations. 
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Overall, modelling SynRMs with Maxwell’s equations is of great importance to providing 
an accurate field solution, while still mostly uncultivated in the existing works.  
2.2 Electromagnetic Modeling of Single-Phase Induction Machines 
Requirements for the EM model of the single-phase IMs is similar to that for the 
SynRMs. The desired model should solve fast, without sacrificing too much accuracy. FEA 
tools and analytical models are the predominant approaches in the literature. 
2.2.1 FEA Modeling of Single-Phase Induction Machines 
The FEA mesh of a typical single-phase IM is shown in Figure 2.4 [62]. Similar to 
the meshes for the SynRM shown in Figure 2.1, tinier meshes are observed at the air-gap 
region and tooth tips, while coarse meshes are applied at stator and rotor yokes. 
 
Figure 2.4 FEA mesh of a typical single-phase IM [62]. 
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Due to the accuracy of the FEA method and the well-developed FEA software, the 
FEA tool is popular among modern designers aiming at improving the performance of the 
single-phase IMs. With the help of FEA, efficiency of the single-phase IM is optimized in 
the design in [63] by analyzing the impact of the design parameters such as stator diameter, 
air-gap length, lamination thickness, steel type and the run capacitor value. A copper-bar 
single-phase IM is designed in [64] using the Opera 2D software. It is then verified that 
copper rotor bars increase the machine efficiency and conduct a lower value of flux density 
in the machine. Impact of the slot opening on the performance of a single-phase IM is 
analyzed in [65] based on the time-stepping FEA and the Maxwell stress tensor. It 
concludes that controlling the slot openings will lead to higher efficiency of the single-
phase IM. Reference [66] trains a neural network based on data generated from numerous 
FEA simulation of the single-phase IM. The neural network is verified to be capable of 
estimating the efficiency of the single-phase IM from the desired output power and the 
number of stator/rotor slots. 
Due to the inherent computational complexity of the FEA method, the time-
efficiency of the FEA is always desired to be improved. This is usually implemented by 
combining the FEA analysis with the equivalent circuit model of the single-phase IM. 
Parameters of the equivalent circuit is calculated from the voltage source complex FEA in 
the method proposed in [67]. The machine performance is then derived from the equivalent 
circuit, showing accurate results compared with tested data. Similar technique is applied in 
[68], where a different type of equivalent circuit is coupled with FEA simulation in order 
to reduce the computational complexity of the FEA. However, the simulation speed of such 
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combined model is still outweighed by the analytical models, introduced in the following 
section. 
2.2.2 Analytical Model of Single-Phase Induction Machines 
The equivalent circuit model of the single-phase IM was proposed decades ago. 
Similar to the equivalent circuit of the three-phase IM, the circuit model conducts various 
assumptions, making it not as accurate as the FEA analysis. However, the parameters in 
the equivalent circuit are calculated from machine design parameters based on physical 
laws, thus physically makes more sense than the FEA-based numerical calculation. Typical 
equivalent circuits of the three-phase IM and the main winding of the single-phase IM are 
shown in Figure 2.5(a) [69] and Figure 2.5(b) [70] respectively for comparison. 




Figure 2.5 (a) Equivalent circuit of the three-phase IM [69]; (b) Equivalent circuit of 
the main winding of the single-phase IM [70]. 
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Various design optimizations based on the single-phase IM equivalent circuit 
model have been conducted in the literature with the purpose of improving different 
performance indices. The impact of negative sequence magnetic field on machine 
efficiency is investigated in [71], where a new design is proposed with a special stator 
winding layout. With the help of the equivalent circuit model, such innovative design is 
derived scientifically based on mathematical calculations, instead of being intuitively 
designed based on trials and errors through FEA. The placement of the run capacitor is 
discussed in [72], showing that placing the run capacitor on the main winding and on the 
auxiliary winding will make different impacts on machine performance. Reference [73] 
proposes the 4-8 pole common winding for the single-phase IM. Such winding allows two 
different pole numbers on a same machine by simply reconnecting the windings. Both the 
starting winding and the starting capacitor are optimized in [70], with the goal of 
optimizing the starting performance. The optimal design of a single-phase IM with two-
value capacitor is proposed in [62], where important design parameters such as air-gap 
length, frame size as well as number of rotor/stator slots are all taken into account. 
Improved efficiency and torque are achieved on a single-phase IM in [74], which focuses 
on optimal design of the stator/rotor slots, stator winding, as well as choosing the proper 
core material. Design of a concentrated winding single-phase IM is improved in [75] by 
focusing on optimizing the skew of rotor slots and stator winding turns. Commercial design 
software based on the equivalent circuit model, such as Ansys Maxwell Rmxprt, is also 
available for single-phase IM design. Reference [76] introduces the design optimization of 
a single-phase IM based on the Rmxprt package in the Ansys Maxwell software. 
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Additionally, there is also research focusing mainly on the equivalent circuit model 
itself. Three different methods are introduced and compared in [77] with the goal of 
determining the parameters in the equivalent circuit model of the single-phase IM. Such 
methods are clear paths for building the equivalent circuit model, making analytical 
analysis of the single-phase RM more approachable. 
Generally, design optimization of the single-phase IM requires a fast and accurate 
analytical equivalent circuit model, while the FEA simulation is usually conducted for 
verification and refinement purposes. 
2.3 Design Optimization Algorithms 
Due to the non-linear characteristic and complicated geometries of electric 
machines, there is no simple expression that is able to link the machine design parameters 
with machine performance while maintaining accuracy of the model. Therefore, 
evolutionary algorithms have been widely applied for optimal design problems of both 
SynRMs and single-phase IMs based on either the FEA model or the much faster analytical 
model. 
2.3.1 Design Optimization of Synchronous Reluctance Machines 
Optimal design of the SynRM has been studied extensively in the literature. Most 
of the research focuses on improving the SynRM performance with the help of the FEA 
method. The average torque of the SynRM is improved by optimizing the rotor design, as 
conducted in [78], where genetic algorithm (GA) is applied based on FEA simulation of 
the torque performance. Reference [79] focuses on reducing the torque ripple of the 
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SynRMs with four flux barriers per pole, and presented three different scenarios of ripples. 
Torque ripple reduction is also accomplished in [80] by optimizing the rotor geometry 
based on the frequency domain FEA method. The average torque of a high speed solid 
rotor SynRM is maximized in [81], where a simple cyclic algorithm is coupled with the 
FEA simulation in order to reiterate the performance calculation under different rotor 
designs. Average torque improvement is achieved on a SynRM by increasing the saliency 
ratio of the rotor, as presented in [82]. A single-phase SynRM suitable for household 
appliances is investigated in [83], where machine efficiency is improved by optimizing the 
rotor design and creating a higher saliency ratio. 
While the achievements listed above mainly focus on optimizing only one 
performance index of the SynRM, such as torque, torque ripple and efficiency, multi-
objective optimization (MOO) is also conducted in the literature, creating the optimal 
SynRM designs that have good performance in various aspects. The objective function of 
the MOO can be constructed from the weighted sum of the interested performance indices. 
By choosing the proper weight factors, designers have the freedom to emphasize one or 
two most important performance indices without losing control of the other indices. The 
weighted sum is applied as the objective function in [84], which takes the average torque, 
torque ripple and power factor into account. The Python-based optimization suite, PyOpt, 
is then applied to solve the optimization problem. Apart from the weighted-sum technique, 
the Pareto front is also widely adopted to evaluate the optimal designs generated in the 
MOO. The Pareto front is generally a multi-dimensional region, whose dimension equals 
to the number of performance indices to be optimized. For each design in the Pareto front, 
no performance index can be further improved without weakening one or more of the other 
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indices. A three-dimensional Pareto front is marked by the ellipse in Figure 2.6 [85],where 
each individual dot represents one SynRM design. The torque ripple, the changed sign (CS) 
power factor, and the ‘badness’ calculated from the torque and total loss of the SynRM are 
the three performance indices. All designs in the Pareto front can be considered as optimal, 
while only one or two are chosen for further refinement in a typical design optimization 
process. An improved computationally efficient FEA method is applied in [85] in order to 
calculate the SynRM performance. The differential evolution (DE) algorithm is modified 
to better conduct the MOO for the SynRM [85].  
 
Figure 2.6 Scatter plot and the Pareto front representing numerous SynRM designs 
[85]. 
Analytical models, due to their computational efficiency, have also been widely 
adopted in optimal design problems of the SynRM. The average torque is maximized in 
[86] based on analytical derivations and the level set method. Multiple objectives can also 
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be achieved as discussed in [87], where the iron loss, average torque and torque ripple are 
all optimized in the final design based on analytical machine models and the NSGA-II 
optimization algorithm. 
2.3.2 Design Optimization of Single-Phase Induction Machines 
Single-phase IMs have been mass-produced for decades and are widely installed in 
house appliances due to their low cost and high reliability. However, most designs of the 
single-phase IMs are created decades ago, with a lot of design parameters chosen based on 
past experience. Consequently, more scientific design optimization approaches are 
proposed in the recent years due to the advance of computing technology. Similar to the 
design optimization of the SynRMs, design parameters of the single-phase IMs can be 
optimized in order to improve one or more performance indices, based on either the FEA 
modeling tool or the analytical models.  
With the help of the FEA method, efficiency level of the single-phase IM is 
improved in [63] by adjusting the design parameters such as stator diameter, air-gap length, 
and the run capacitor value. The MOO is conducted in [62] by building the objective 
function from the weighted sum of the performance indices including energy cost and 
material cost. The generic algorithm (GA) is then adopted in [62] to solve the optimization 
problem. 
An accurate analytical model solves much faster than the FEA simulation, and is 
also widely adopted in the optimal design problems of the single-phase IMs. The starting 
winding of the single-phase IM is optimized to improve the starting torque in [70] based 
on the circle diagram, which is obtained from the equivalent circuit model of the machine. 
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Commercially available software, such as the Rmxprt package in Ansys Maxwell, can also 
analyze the machine performance analytically, which allows designers to conduct the 
MOO for the single-phase IM in a more convenient way [74, 76]. 
2.4 Chapter Summary 
This chapter summarizes the current literature focusing on the modeling and design 
optimization methods for SynRMs and single-phase IMs.  
For the two types of machines, both the numerical FEA modeling method and the 
analytical models are presented. It can be concluded that although the FEA method can 
provide accurate calculation of machine performance, the analytical model is more suitable 
during the optimization process due to its computational efficiency. Approaches to solve 
the optimization problem are also summarized. The design optimization problem can focus 
on one or more performance indices with various algorithms such as genetic algorithm 
(GA), differential evolution (DE) and their modified versions. 
The literature review indicates the necessity of developing fast and accurate 
analytical models for both the SynRM and the single-phase IM, after which the MOO can 
be conducted with proper algorithms. Detailed approaches will be illustrated in the 
following chapters.  
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CHAPTER 3. GENERALIZED ELECTRO-MAGNETIC MODEL 
OF SYNCHRONOUS RELUCTANCE MACHINES 
It has been demonstrated in Chapters 1 and 2 that a fast and accurate model for the 
synchronous reluctance machine (SynRM) is indispensable for the machine design 
optimization process. The finite element analysis (FEA) tool is convenient, accurate and 
commercially available, while consumes large amount of time and is thus undesired during 
design optimization of the SynRM, where numerous simulations for the machine 
performance are conducted in order to finally converge to the optimal design. 
Consequently, analytical models, based on either the magnetic equivalent circuit (MEC) or 
the Maxwell’s equations, are ideal for the optimization problem due to their computational 
efficiency. This chapter starts with an introduction of the basic principles of the SynRMs, 
followed by detailed derivation of the novel analytical model based on the Maxwell’s 
equations and conformal mapping technique. Calculation results of the model is verified 
with FEA simulation, proving the accuracy and reliability of the proposed SynRM 
analytical model.  
3.1 Basic Principles of the Synchronous Reluctance Machines 
The SynRM is a special type of the well-known synchronous machine, whose rotor 
rotates in the same speed as the rotating magnetic field in the machine air-gap. The two-
dimensional (2D) geometry of a typical three-phase four-pole SynRM [88] is presented in 
Figure 3.1. The gray regions indicate the iron laminations while the white parts represent 
the air. The rotor shaft is omitted and is thus replaced by air in the figure.  
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Figure 3.1 2D geometry of a typical SynRM. 
It can be observed that the stator of the SynRM is almost the same as the induction 
machine (IM) stator. For the 24-slot three-phase SynRM presented in Figure 3.1, the phases 
allocated to each slot are market by letters A, B, and C, while the ‘+’ and ‘−’ signs indicate 
the directions of current. The rotor, however, is uniquely hollowed, with the iron segments 
connected by the tiny thin bridges on the edge of the rotor, which are named as the flux 
bridges. The hollowed air regions are called the flux barriers, creating tremendous 
anisotropy for the machine inductances. The Park Transformation [89] is also applicable 
to the SynRM, making the analysis and control techniques of the SynRM quite similar to 
that of a normal permanent-magnet synchronous machine (PMSM). Conventionally, the 
direction with smaller reluctance and consequently larger inductance is defined as the 
direct axis, or the d axis, while the direction leading the d axis by 45 electrical degrees and 
having smaller inductance is defined as the quadrature axis, or the q axis. Both axes are 
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𝑃(𝐿𝑑 − 𝐿𝑞)𝑖𝑑𝑖𝑞 (3.1) 
where 𝑃 is the number of pole pairs, 𝐿𝑑 and 𝐿𝑞 are the inductances of d and q axes, 𝑖𝑑 and 
𝑖𝑞  are the amplitudes of the d and q current vectors. 
It can be noticed from (3.1) that increasing the discrepancy between the inductance 
values on the d and q directions will yield to higher EM torque of the machine. Various 
rotor topologies of the SynRMs are thus proposed with the same purpose of increasing such 
discrepancy called the salient ratio. The shape of the flux barriers on each rotor pole can 
be either C-shaped, as shown in Figure 3.1, or circular, as presented in Figure 3.2 [43]. Iron 
ribs can be added in the center of the flux barriers, shown in Figure 3.3 [90], in order to 
increase the mechanical strength of the rotor, while decreases the saliency ratio due to the 
added permeance on the q axis. The number of flux barriers in each pole may vary from 
one to near ten [91] in the literature, while the most common number is between two and 
four. 
 
Figure 3.2 A quarter of the SynRM rotor with circular flux barriers [43]. 
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Figure 3.3 A SynRM with iron ribs added in the rotor flux barriers [90]. 
3.2 Derivation of the Analytical Model 
This section introduces the novel analytical model based on Maxwell’s equations 
that is able to compute the air-gap flux density of the SynRM. The proposed model is 
capable of determining the electromagnetic performance of a SynRM in a few seconds, 
much faster than a single FEA run, which typically takes 1-2 minutes on an ordinary 
desktop computer. Such time efficiency further ensures the fast speed during the 
optimization process, where hundreds of designs need to be simulated. 
The proposed analytical model starts from calculating the air-gap flux density of 
the SynRM by taking advantage of conformal mapping technique and Maxwell’s 
equations. Both stator and rotor slot effects are taken into consideration by conformal 
mapping, so that the potential equations can be solved under complicated geometric 
boundaries. A nonlinear MEC model is built to take the saturation effect into consideration 
by solving iteratively, and finally yields magnetic potentials on the rotor. Such magnetic 
 31 
potentials are then used as boundary conditions to solve the potential equations and 
calculate the air-gap flux density, from which the d and q axes magnetizing inductance and 
the machine EM torque can be computed. The flux density values in the SynRM iron are 
derived from the MEC model, after which the machine iron loss can be calculated. 
The SynRM presented in Figure 3.1 is adopted for illustrating the derivations of the 
model, while the proposed analytical model is capable of analyzing all the SynRMs with 
typical rotor geometries. Figure 3.4 shows the flowchart for calculating the SynRM air-gap 
flux density, which is a crucial part for machine performance calculation. 
 
Figure 3.4 Flowchart of the calculation procedure for the air-gap flux density. 
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3.2.1 Magnetic Equivalent Circuit Model of Synchronous Reluctance Machines 
The nonlinear MEC model is adopted in order to analyze the saturation effect. The 
following assumptions are made when building the MEC model of the SynRM: 
• The cross section of the SynRM remains constant along the axial direction. 
• The leakage flux and fringing flux in the machine end region is neglected. 
• As the iron bridges on the rotor are highly saturated under the normal working 
conditions of a SynRM, the relative permeability in these parts is very low. So, 
the regions of the iron bridges on the rotor are considered vacuums, so a slotted 
rotor is analyzed [92]. 
 
Figure 3.5 Rotor geometric parameters. 
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Figure 3.6 The MEC model. 
Only a quarter (one pole) of the SynRM is analyzed due to its symmetrical 
geometry. Figure 3.5 indicates the geometric parameters of the SynRM. The magnetic 
circuit network is shown in Figure 3.6, where the blue permeances represent the nonlinear 
elements, and the red permeances represent the linear air-region permeances. The values 











































































where 𝑃 is the number of pole pairs of the machine, 𝜃𝑟 is the electrical angle (in radians) 
between the winding phase a symmetry axis and the rotor q axis, 𝜃 is the angular position 
measured by taking the phase a symmetry axis as a zero reference, t represents time and 
𝐹(𝑡, 𝜃) refers to the stator MMF, computed by [43]: 




where 𝑛 is the phase index, ranging from 0 to 2 (0 stands for phase a, 1 for phase b, and 2 
for phase c); 𝑖𝑛(𝑡) is the current in phase n at time t, and is defined in such a way that the 
current in phase a reaches its maximum value when time t equals zero: 
 




𝑤𝑛(𝜃) is the winding function of phase n [43]: 
 
















where 𝐼0 is the peak value of the phase current, 𝑁𝑠 is the number of turns per coil, 𝑞 is the 
number of slots per pole per phase, and 𝛼𝑠 = 𝜋/(3𝑞) is the electrical angle of the slot pitch. 
The MEC shown in Figure 3.6 has 33 nodes, and node 13 has been chosen as the 
ground point whose magnetic scalar potential is zero. As a consequence, 32 nodal equations 
are needed to solve the circuit network. For a normal node adjacent to only the permeances, 
such as node 22, the nodal equation can be written as: 
 (𝑉26 − 𝑉22)𝑃𝑦2 + (𝑉1 − 𝑉22)𝑃𝑦1 + (𝑉23 − 𝑉22)𝑃𝑠2 = 0 (3.12) 
where 𝑉𝑥 stands for the magnetic scalar potential of node x. A total of 18 nodal equations 
can be obtained with the similar technique. 
 36 
As for node 18 and node 30, which are located on the border of the network shown 
in Figure 2.3, we note that the machine has a symmetric geometry so that the magnetic 
scalar potentials of nodes A and B are equal to -𝑉30 and -𝑉18, respectively. So, the nodal 
equations on nodes 18 and 30 are listed as: 
 (−𝑉30 − 𝑉18)𝑃𝑦3 + (𝑉14 − 𝑉18)𝑃𝑦2 + (𝑉19 − 𝑉18)𝑃𝑠3 = 0 (3.13) 
 (−𝑉18 − 𝑉30)𝑃𝑦3 + (𝑉26 − 𝑉30)𝑃𝑦3 + (𝑉31 − 𝑉30)𝑃𝑠4 = 0 (3.14) 
For nodes that are adjacent to the MMF sources, such as nodes 2 and 3, two 
equations can be obtained for each pair of nodes: 
 𝑉3 − 𝑉2 = 𝐹1 (3.15) 
 (𝑉1 − 𝑉2)𝑃𝑠1 + (𝑉4 − 𝑉3)𝑃𝑔1 = 0 (3.16) 
There are 12 nodes adjacent to the 6 MMF sources, so we can obtain 12 more equations 
following such scheme. 
The combination of the nodal equations can be integrated into the matrix form: 
 𝐏 ∙ 𝐕 = 𝐟 (3.17) 
where P is the matrix related to the permeances, V is the vector of the potentials at the 
nodes in the magnetic circuit, and 𝐟 is the vector associated with the MMF sources in the 
node equations. 
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Each individual permeance in the MEC model presented in Figure 3.6 is calculated 






where 𝜇0  is the permeability of free space, 𝜇𝑟  is the relative permeability of the 
corresponding material, 𝐴 is the cross-sectional area of the segment in the MEC orthogonal 
to the flux lines , and 𝑙 is the length of the segment in the MEC along the direction of the 
flux lines. 
Since the relative permeability of air can be considered as 1, 𝜇𝑟 is counted to have 
a constant value of 1 when calculating the permeances for the air regions, which are marked 
red in Figure 3.6. As the relative permeability of the rotor and stator steel is not constant 
due to saturation effects, an iterative method is desired to solve the nonlinear equations 
based on the manufacturer provided B-H curve of stator/rotor laminations. The initial 
relative permeability of all iron parts should be arbitrarily chosen before the first iteration. 
After solving the nodal equations based on the chosen permeability, the magnetic potential 
on each node can be obtained, which leads to the solutions of the flux densities in each iron 
segment. Then, the relative permeability can be updated based on the solved flux densities 
and the B-H curve, so that the next iteration can be conducted. The iterative procedure 
terminates when ‖𝛍𝐫𝐜 − 𝛍𝐫𝐩‖ ≤ 𝛿, where 𝛍𝐫𝐜 and 𝛍𝐫𝐩 are the relative permeability vector 
𝛍𝐫 at the current iteration and the previous iteration respectively, and 𝛿 is the threshold. 
The final 𝛍𝐫𝐜 will be used as 𝛍𝐫 in order to calculate the permeances in the steel regions, 
marked in blue in Figure 3.6. The vector of the magnetic potentials on the nodes, V, can 
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then be calculated from the node equations. The flowchart for solving the nonlinear nodal 
equations is presented in Figure 3.7. 
Once the solution is obtained, the magnetic potentials of the nodes on the rotor 
surface are utilized as boundary conditions to compute the air-gap flux densities, as 
introduced in the succeeding section. As the values of the MMF sources in the MEC are 
functions of time according to (3.2)-(3.7), the solved magnetic potentials also vary with 
time, which obeys the theory of the rotating magnetic field in the synchronous machine. 
 




        
(a)                                                          (b) 
Figure 3.8 Simplified rotor geometry: (a) Modeling the rotor slots by sectors 
indicated by the dashed lines; (b) Rotor geometry in the S plane. 
3.2.2 Calculation of the Air-gap Flux Density 
3.2.2.1 Conformal Mapping of the Air-gap Region 
The air-gap region with the rotor and stator slots can be transformed into a slot-less 
air-gap through conformal mapping. Figure 3.8(a) shows the real rotor geometry, and 
Figure 3.8(b) shows the rotor geometry in the S plane, where the coordinates are 
represented as complex numbers under the polar coordinate system as: 𝑠 = 𝑟𝑒𝑗𝜃. The rotor 
slots are modeled as sectors, with the slot openings at their original locations, as shown in 
Figure 3.8. The procedure to transform the geometry into a slot-less air-gap region is shown 
in Figure 3.9, and the mappings between the different planes can be expressed as follows: 
From the S plane to the Z plane: 
 𝑧 = ln⁡(𝑠) (3.19) 
where 𝑠 and 𝑧 are the coordinates in the S plane and the Z plane, respectively. 
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From the Z plane to the W plane: 
 𝑤 = 𝑓⁡(𝑧) (3.20) 
where 𝑤 is the coordinate in the W plane, and 𝑓 is a nonlinear function which can be 
realized by the S-C mapping toolbox in MATLAB [93]. 
 
Figure 3.9 Conformal mappings that transform the geometry from the S plane to the 
K plane. 
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The S-C mapping that transforms a polygon into the upper half plane is stated as 
follows [94]: Let P be the interior of a polygon 𝛤 having n vertices 𝑤1, …𝑤𝑛, and interior 
angles 𝛼1𝜋,…𝛼𝑛𝜋, in counterclockwise order. Let f be any conformal map from the upper 
half-plane H+ to P with 𝑓(∞) = 𝑤𝑛. Then, for some complex constants 𝐴0 and 𝐶0, where 
𝑤𝑘 = 𝑓(𝑧𝑘) for 𝑘 = 1,… , 𝑛 − 1 
 







where 𝑧 = 𝑥 + 𝑗𝑦  and 𝑤 = 𝑢 + 𝑗𝑣  denote complex numbers in the Z and W planes, 
respectively. 







∙ 𝑅𝑠𝑖𝑛 (3.22) 
where 𝑅𝑠𝑖𝑛 is the stator inner radius, and 𝑅𝑟𝑜𝑢𝑡 is the rotor outer radius. 
The relationship between the air-gap flux density in the K plane and the S plane can 
be expressed as: 
 
𝑩𝒔 = 𝑩𝒌𝜆𝑟_𝑠𝑙𝑜𝑡
















where 𝜕𝑤/𝜕𝑧 can be obtained from the S-C transformation toolbox, 𝜆𝑟_𝑠𝑙𝑜𝑡
∗  is defined as 
the complex air-gap permeance considering the effect of slotted rotor, and 𝑩𝒔  and 𝑩𝒌 
represent the flux density solution in the S and K planes respectively, denoted as: 
 𝑩𝒔 = 𝐵𝑠𝑟 + 𝑗𝐵𝑠𝜃 (3.24) 
 𝑩𝒌 = 𝐵𝑟 + 𝑗𝐵𝜃 (3.25) 
Following steps similar to those stated above, the complex air-gap permeance 
considering only the effect of slotted stator can be obtained, and is denoted as  𝜆𝑠_𝑠𝑙𝑜𝑡
∗ . The 
complex permeances 𝜆𝑟_𝑠𝑙𝑜𝑡
∗  and 𝜆𝑠_𝑠𝑙𝑜𝑡
∗  can then be represented as: 
 𝜆𝑟_𝑠𝑙𝑜𝑡
∗ = 𝜆𝑎𝑟 − 𝑗𝜆𝑏𝑟 (3.26) 
 𝜆𝑠_𝑠𝑙𝑜𝑡
∗ = 𝜆𝑎𝑠 − 𝑗𝜆𝑏𝑠 (3.27) 
Then, the radial component of the flux density under S plane can be computed as: 
 𝐵𝑠𝑟 = Re(𝑩𝒌𝜆𝑟𝑠𝑙𝑜𝑡
∗ 𝜆𝑠𝑠𝑙𝑜𝑡
∗ )
= 𝐵𝑟(𝜆𝑎𝑟𝜆𝑎𝑠 − 𝜆𝑏𝑟𝜆𝑏𝑠) + 𝐵𝜃(𝜆𝑎𝑟𝜆𝑏𝑠 + 𝜆𝑏𝑟𝜆𝑎𝑠) 
(3.28) 
It is now obvious that solving for 𝑩𝒌, which is the flux density of the slotless air-
gap in the K plane, is essential in obtaining the flux density solution of the slotted air-gap. 
The following part shows the method of solving 𝑩𝒌. 
3.2.2.2 Magnetic Field Solution in the Air-gap 
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The Laplace’s equation of magnetic scalar potential under a polar coordinate 















= 0 (3.29) 
where 𝜑(𝑟, 𝜃) is the magnetic scalar potential. The homogeneous solution of (3.29) is in 
the form of: 
 
⁡𝜑(𝑟, 𝜃) =∑ [(𝐴𝑛𝑟
𝑛 + 𝐵𝑛𝑟






where 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛 and 𝑚𝑛 are coefficients to be determined by the boundary conditions. 
With the slot-less rotor and stator, the boundary conditions can be listed as follows: 
• On the stator’s inner surface, the magnetic scalar potential is equal to the MMF 
produced by the stator windings, as derived in (3.2)-(3.11). It can be formulated in 
the following form: 
 
𝐹(𝑡, 𝜃) = 𝐼0 cos(𝜔𝑡) ∙ ∑ 𝑊𝑘
𝑘=1,3,5,..






















Figure 3.10 (a) Magnetic potential on the rotor surface; (b) The decomposed wave. 
 
Figure 3.11 Vertices on the rotor. 
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• On the rotor’s outer surface, the magnetic scalar potential has been computed by 
the MEC model in Section 3.2.1, and is plotted in Figure 3.10(a). It has a stepped 
waveform, and the amplitudes in the steps 𝑉𝑥  stands for the magnetic scalar 
potentials of node x in the MEC, as presented in Figure 3.6. The nodes marked on 
the horizontal axis correspond to the vertices marked on the slotted rotor shown in 
Figure 3.11, and are related to the vertices in Figure 3.11 by the conformal mapping 
technique introduced in Section 3.2.2.1. Consequently, the values of 𝜃1, 𝜃2 and 𝜃3 
are obtained from the rotor geometry and conformal mapping, while 𝜃𝑟 refers to 
the electrical angle (in radians) between the winding phase a symmetry axis and the 
rotor q axis, and can be calculated by:  
 𝜃𝑟 = 𝜃0 + 𝜔𝑡 (3.32) 
where 𝜃0 is the electrical angle (in radians) between the winding phase a symmetry 
axis and the rotor q axis when time t equals zero. The waveform plotted in Figure 
3.10(a) can be decomposed into multiple waves in the form shown in Figure 3.10(b), 
whose Fourier series can be written as: 
 
𝐹𝑝𝑎𝑟𝑡𝑖𝑎𝑙


















The Fourier series of the other decomposed waves can be obtained with the same 
method, and then superimposed upon the other to get the Fourier series of the 
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magnetic scalar potential on the rotor’s outer surface, which obeys the following 
form: 
 𝐹′(𝑡, 𝜃) = ∑ 𝐹𝑘1
′
𝑘=1,3,5,..










































































































































































′  and 𝐹𝑘2
′  are formulated in (3.35) and (3.36), while 𝐹𝑘1  and 𝐹𝑘2  are defined 
following (3.31): 
 











Solving (3.37) and plugging in the sovled 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 and 𝐷𝑛 into (3.30) gives the 
expression of the magnetic scalar potential in the air-gap: 
 








































































































 𝑩𝒌 = 𝐵𝑟 + 𝑗𝐵𝜃 (3.43) 
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The radial flux density of the slotted airgap, 𝐵𝑠𝑟, can be solved from 𝑩𝒌, following 
(3.28). It is a function of the time t, radial position r, and circumferential angle 𝜃, and thus 
can be expressed as 𝐵𝑠𝑟(𝑟, 𝜃, 𝑡). 
3.2.3 Perforamnce Calculations for Synchronous Reluctance Machines 
Calculation of the SynRM performance indices, including the average torque, 
losses, efficiency, weight and torque density, are illustrated in this section.  
The average torque of the SynRM can be calculated from the magnetizing 
inductances of the d and q axes following (3.1), while the following equation can be 





𝑃(𝐿𝑚𝑑 − 𝐿𝑚𝑞)𝑖𝑑𝑖𝑞 (3.44) 
where P is the number of pole pairs, 𝑖𝑑 and 𝑖𝑞  are the amplitudes of the d and q current 
vectors, 𝐿𝑚𝑑 and 𝐿𝑚𝑞 are the magnetizing inductances of the d and q axes. 
The magnetizing inductance 𝐿𝑚𝑑 can be calculated from the air-gap flux density by 
making 𝜃0 equal to 𝜋/2, under which condition the q axis leads the stator winding phase a 
symmetry axis by 90 electrical degrees when the time t equals to zero following (3.32). 
Since the current in the stator winding phase a is defined to be at the peak level when the 
time equals to zero, the stator winding MMF vector coincides with the phase a symmetry 
axis at this time point, and rotates in the same speed as the rotor as the time changes. 
Consequently, the stator winding MMF vector is always led by the rotor q axis for 90 
electrical degrees, thus always coincides with the rotor d axis at any given time point. The 
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flux lines when the stator MMF vector coincides with the rotor d axis when the time t 
equals to zero is presented in Figure 3.12. 
 
Figure 3.12 The flux lines when the stator MMF vector coincides with the rotor d axis.  
Once the value of 𝜃0 is chosen, the SynRM air-gap flux density value on the radial 
direction, 𝐵𝑠𝑟(𝑟, 𝜃, 𝑡), can be calculated following the procedure introduced in Section 
3.2.2. The magnetizing flux linkage of the virtual d axis winding can be obtained by: 
 







where P is the number of pole pairs, q is the number of slots per pole per phase, 𝑁𝑠 is the 
number of turns per coil, 𝑙𝑠𝑡𝑎𝑐𝑘  is the machine stack length, and 𝑟𝑚𝑖𝑑𝑑𝑙𝑒 is the radius of the 
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circumference in the middle of the air-gap. The magnetizing inductance of the d axis, 𝐿𝑚𝑑, 






where 𝐼0 is the peak value of the phase current. 
Similarly, the magnetizing inductance of the q axis, 𝐿𝑚𝑞 , can be calculated by 
solving 𝐵𝑠𝑟(𝑟, 𝜃, 𝑡) with 𝜃0 equal to 0, and can be obtained by: 
 













The electromagnetic torque of the SynRM can then be calculated from the solved 
𝐿𝑚𝑑 and 𝐿𝑚𝑞 values following (3.44). 
The loss of the SynRM is primarily comprised of the copper loss and the iron loss. 












where 𝐼𝑟𝑚𝑠  is the RMS value of the phase current, 𝜎𝐶𝑢  is the conductivity of copper 
windings, 𝑁 is the total number of coils in the stator windings, 𝑤𝑡  is the stator pole width, 
and 𝐴𝐶𝑢 is the cross-sectional area of the copper wire used in the windings. 
The iron losses of the machine are categorized into the hysterisis loss, caused by 
the hysteritic effect of the iron B-H curve, and the eddy current loss, generated by the eddy 
current induced from the alternating magnetic field. The losses can be calculated based on 












































} ∙ 𝑉𝑖 
(3.51) 
where 𝐵𝑥, 𝐵𝑦 and 𝐵𝑧 are functions of the time t and represent the flux density values on the 
x, y, and z directions in the iron regions under the three-dimensional (3D) rectangular 
coordinate system, while 𝑉𝑖 represents the volume of each of the segmented iron parts of 
the SynRM. 𝑘𝑐  and 𝛽 are empirical parameters obtained from experimental measurements. 
𝑘𝑐  is called as the eddy current loss coefficient, and 𝛽  is called as the hysterisis loss 
parameter. 

















𝑘ℎ𝑦𝑠 ∙ 𝐵𝑧𝑚 
(3.54) 
where 𝐵𝑥𝑚, 𝐵𝑦𝑚 and 𝐵𝑧𝑚 are the maximum values of 𝐵𝑥, 𝐵𝑦 and 𝐵𝑧, and 𝑘ℎ𝑦𝑠 is another 
empirical parameter called as the hysterisis loss coefficient.  
Iron-region flux density values, 𝐵𝑥, 𝐵𝑦 and 𝐵𝑧, are calculated from the MEC model 
introduced in Section 3.2.1. The MEC model yields solutions of the magnetic potentials on 
all the nodes of the circuit shown in Figure 3.6, from which the flux values on different 
segments of the circuit can be calculated as: 
 𝜑𝑎𝑏 = (𝑉𝑎 − 𝑉𝑏) ∙ 𝑃 (3.55) 
where 𝜑𝑎𝑏 represents the flux value flowing from node a to node b in the MEC, P is the 
permeance calculated as in (3.18), while 𝑉𝑎 and 𝑉𝑏 represent the magnetic potentials on 
nodes a and b. 
Each permeance presented in Figure 3.6 is considered as representing one segment 
of the SynRM iron. The volume 𝑉𝑖 adopted in (3.50) and (3.51) can be calculated based on 
such segmentation. 




𝑃𝑒𝑚 + 𝑃𝐶𝑢 + 𝑃ℎ𝑦𝑠 + 𝑃𝑒𝑑𝑑𝑦
 (3.56) 
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where 𝑃𝑒𝑚 is the electromagnetic power of the SynRM, derived by: 
 𝑃𝑒𝑚 = 𝑇𝑒𝑚 ∙ 𝜔𝑚 (3.57) 
where 𝑇𝑒𝑚 is the electromagnetic torque calculated previously, and 𝜔𝑚 is the mechanical 
angular speed of the rotor. 
The weight of the SynRM is the sum of the weights of the stator core, rotor core 
and the windings. Mass of the iron parts can be calculated as: 
 𝑀𝐹𝑒 =∑𝜌𝐹𝑒 ∙ 𝑉𝑖 (3.58) 
where 𝜌𝐹𝑒  is the density of the stator/rotor iron, and 𝑉𝑖  represents the volume of each 
machine segment as introduced previously. 
Mass of the windings can be estimated by: 
 𝑀𝐶𝑢 = 2𝑁𝑠𝑁(𝑤𝑡 + 𝑙𝑠𝑡𝑎𝑐𝑘) ∙ 𝐴𝐶𝑢 ∙ 𝜌𝐶𝑢 (3.59) 
where 𝜌𝐶𝑢  is the density of the stator winding wires, and all the other parameters are 
denoted in the same way as in (3.49). 
Torque density of the machine is usually defined as 
𝑇𝑒𝑚
𝑉𝑚𝑜𝑡𝑜𝑟
, where 𝑉𝑚𝑜𝑡𝑜𝑟 represents 
the volume of the machine. However, the torque density of the SynRM is defined as 
𝑇𝑒𝑚
𝑀𝐹𝑒+𝑀𝐶𝑢
 in the proposed model, as the machine volume is fixed in the proposed design 
optimization process, which is to be introduced in the coming chapter. 
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3.3 Verification of the Analytical Model of Synchronous Reluctance Machines 
The accuracy and credability of the proposed analytical SynRM model is verified 
in this section with 2D FEA simulations. Both a SynRM with C-shaped flux barriers and 
another SynRM with circular flux barriers are analyzed with the proposed analytical model 
and the FEA approach. These two types of flux barriers are the most common designs in 
the prevailing SynRM geometries, thus are adequate to verify the analytical model when 
one compares the calculation results with the FEA simulation results, which are arguably 
the most accurate results achievable by simulations. The SynRM with the C-shaped flux 
barriers is presented in Figure 3.13, while the other one with the circular flux barriers is 
shown in Figure 3.14. 
 
Figure 3.13 The SynRM geometry with C-shaped flux barriers. 
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Figure 3.14 The SynRM geometry with circular flux barriers. 
Both the sample SynRMs have three flux barriers on each pole, due to the 
conclusion that the best performance can be achieved with three flux barriers per pole for 
a 4-pole SynRM [96]. It is notable that both of the rotor geometries shown in Figure 3.13 
and Figure 3.14 are ignoring the flux barriers, following the assumption made at the very 
beginning in Section 3.2.1. Such assumption simplifies the analytical model and makes it 
solve faster, without weakening the accuracy of the performance calculation.  
3.3.1 Simulations with C-Shaped Flux Barriers 
The SynRM whose geometry is presented in Figure 3.13 is analyzed in this section 
with both the proposed analytical model and the FEA simulation. The design parameters 
of the 4-pole SynRM are listed in Table 3.1.  
 57 
Table 3.1 Parameters of the SynRM with C-shaped flux barriers. 
Parameters Value Parameters Value 
Stator outer radius 𝑅𝑠𝑜𝑢𝑡 100mm 𝑙𝑟1 indicated in Figure 3.5 50.55mm 
Stator inner radius 𝑅𝑠𝑖𝑛 56.4mm 𝑙𝑟2 indicated in Figure 3.5 58.54mm 
Rotor outer radius 𝑅𝑟𝑜𝑢𝑡 55.8mm 𝑙𝑟3 indicated in Figure 3.5 74.59mm 
Stack length 𝑙𝑠𝑡𝑎𝑐𝑘  68mm 𝑙𝑟4 indicated in Figure 3.5 88mm 
𝛼1 indicated in Figure 3.5 48.5° 𝑡1 indicated in Figure 3.5 8.63mm 
𝛼2 indicated in Figure 3.5 8.4° 𝑡2 indicated in Figure 3.5 4.09mm 
𝛼3 indicated in Figure 3.5 8.1° 𝑡3 indicated in Figure 3.5 4.09mm 
𝛼4 indicated in Figure 3.5 8.4° 𝑡4 indicated in Figure 3.5 9.1mm 
𝛽1 indicated in Figure 3.5 28.45° Stator yoke thickness 16mm 
𝛽2 indicated in Figure 3.5 8.25° Stator tooth width 7.85mm 
𝛽3 indicated in Figure 3.5 8.25° Stator slot opening 3.1° 
𝑏1 indicated in Figure 3.5 6.1mm Phase current peak value 
𝐼0 
4A 
𝑏2 indicated in Figure 3.5 6.1mm Slots per pole per phase q 2 
𝑏3 indicated in Figure 3.5 7.8mm Number of turns per coil 
𝑁𝑠 
105 
𝑙1 indicated in Figure 3.5 51mm Rotational speed 1000 rpm 
𝑙2 indicated in Figure 3.5 69.5mm Electrical angular speed 200𝜋/3 
𝑙3 indicated in Figure 3.5 86.6mm Copper wire area √2/2mm2 
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Figure 3.15 The B-H curve of the steel. 
The B-H curve of the laminations used in this SynRM is presented in Figure 3.15. 
The air-gap flux density of the SynRM can thus be calculated by the analytical model from 
the given design parameters and the B-H curve of the stator/rotor iron. Figure 3.16 shows 
the radial flux density profiles at the middle of the air-gap calculated by the analytical 
model and FEA simulation at the time 𝑡 = 0. The rotor angle 𝜃0, which is the electrical 
angle (in radians) between the winding phase a symmetry axis and the rotor q axis when 
time t equals zero, is set to be zero.  
 
Figure 3.16 The flux density profile with 𝜃0 = 0 and 𝑡 = 0. 
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Figure 3.17 The flux density profile with 𝜃0 = 𝜋/6 and 𝑡 = 0. 
 
Figure 3.18 The flux density profile with 𝜃0 = 𝜋/3 and 𝑡 = 0. 
 
Figure 3.19 The flux density profile with 𝜃0 = 𝜋/2 and 𝑡 = 0. 
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The flux density profiles calcualted from the analytical model and the FEA 
simulation under other different rotor angle 𝜃0 values are presented in Figure 3.17 through 
Figure 3.19. It is shown that satisfactory level of agreement is achieved between the results 
obtained by the proposed analytical model and the FEA tool. With the FEA simulation 
results chosen as the reference data, the mean square error (MSE) of the results calculated 
by the analytical model are listed in Table 3.2. The small MSEs further prove the accuracy 
of the proposed analytical method. 
Table 3.2 The mean square errors of the flux density values calculated by the 
analytical model at different rotor angles. 





The time 𝑡 value is then adjusted in order to prove that the analytical model can 
calculate the air-gap flux density values correctly at different time points as the rotor 
rotates. The value of the rotor angle 𝜃0 is fixed at 𝜋/4, where maximum torque is achieved 
on the SynRM. The flux density profiles calcualted from the analytical model and the FEA 
simulation are presented in Figure 3.20 through Figure 3.25, and the MSE of the results 
calculated by the analytical model are listed in Table 3.3.  
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Figure 3.20 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 0ms. 
 
Figure 3.21 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 3ms. 
 
Figure 3.22 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 6ms. 
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Figure 3.23 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 9ms. 
 
Figure 3.24 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 12ms. 
 
Figure 3.25 The flux density profile with 𝜃0 = 𝜋/4 and 𝑡 = 15ms. 
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Table 3.3 The mean square errors of the flux density values calculated by the 
analytical model at different time points. 








Table 3.4 Performance indices of the SynRM calculated by the analytical model and 
the FEA simulation. 
 Analytical Model FEA Simulation Error 
Average Torque 9.14Nm 9.58Nm 4.6% 
Eddy Current Loss 3.4W 3.1W 9.7% 
Hysteresis Loss 6.8W 6.1W 11.5% 
Copper Loss 81.1W N.A. 
Weight 14.4kg N.A. 
Efficiency 91.2% 91.7% 0.5% 
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The performance indices of the SynRM when the rotor angle 𝜃0 = 𝜋/4, including 
the average torque, the iron losses and the efficiency, can also be calculated by the 
analytical model following the methods introduced in Section 3.2.3. The calculated values 
are listed and compared with the FEA simulation results in Table 3.4, where the copper 
loss and the weight are simply calculated with analytical approaches. It can be observed 
that the average torque is showing satisfactory agreement, while larger errors exist in the 
eddy current loss and hysteresis loss calculations. It is notable that the iron losses are hard 
to predict since they are influenced by the temperature variations as well as other 
complicated effects of the steel laminations. Consequently, even the FEA calculation is 
usually showing some discrepancies with the real tested results. Moreover, since the copper 
loss is the major type of the losses, some errors in the iron loss prediction will only have a 
minor effect on the accuracy of the efficiency calculation, as shown in the last row of Table 
3.4. 
Overall, the calculation results of the proposed analytial model are showing good 
agreement with the FEA simulation results on the SynRMs with C-shaped flux barriers. 
3.3.2 Simulations with Circular Flux Barriers 
Comparisons similar to those conducted in Section 3.3.1 are presented in this 
section on the other type of SynRM with C-shaped flux barriers, as presented in Figure 
3.14. The geometric parameters of the rotor are marked in Figure 3.26, and the design 
parameters of the SynRM are listed in Table 3.5. 
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Table 3.5 Parameters of the SynRM with circular flux barriers. 
Parameters Value Parameters Value 
Stator outer radius 𝑅𝑠𝑜𝑢𝑡 100mm 𝑙𝑟1 indicated in Figure 3.26 40.45mm 
Stator inner radius 𝑅𝑠𝑖𝑛 56.4mm 𝑙𝑟2 indicated in Figure 3.26 58.98mm 
Rotor outer radius 𝑅𝑟𝑜𝑢𝑡 55.8mm 𝑙𝑟3 indicated in Figure 3.26 75.1mm 
Stack length 𝑙𝑠𝑡𝑎𝑐𝑘  68mm 𝑙𝑟4 indicated in Figure 3.26 93.1mm 
𝛼1 indicated in Figure 3.26 54.3° 𝑡1 indicated in Figure 3.26 7.59mm 
𝛼2 indicated in Figure 3.26 7.8° 𝑡2 indicated in Figure 3.26 6.24mm 
𝛼3 indicated in Figure 3.26 5.4° 𝑡3 indicated in Figure 3.26 6.84mm 
𝛼4 indicated in Figure 3.26 9.3° 𝑡4 indicated in Figure 3.26 9.53mm 
𝛽1 indicated in Figure 3.26 31.33° Stator yoke thickness 16mm 
𝛽2 indicated in Figure 3.26 6.54° Stator tooth width 7.85mm 
𝛽3 indicated in Figure 3.26 7.33° Stator slot opening 3.1° 
𝑏1 indicated in Figure 3.26 3.0mm Phase current peak value 𝐼0 4A 
𝑏2 indicated in Figure 3.26 5.0mm Slots per pole per phase q 2 
𝑏3 indicated in Figure 3.26 6.0mm Number of turns per coil 𝑁𝑠 105 
𝑙1 indicated in Figure 3.26 51.58mm Rotational speed 1000 rpm 
𝑙2 indicated in Figure 3.26 67.48mm Electrical angular speed 200𝜋/3 
𝑙3 indicated in Figure 3.26 84.15mm Copper wire area √2/2mm2 
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Figure 3.26 Geometric parameters of the rotor with circular flux barriers. 
The B-H curve of the lamination steel is presented in Figure 3.15. Figure 3.27 
shows the radial flux density profiles at the middle of the air-gap calculated by the 
analytical model and the FEA simulation at the time 𝑡 = 0, with the rotor angle 𝜃0 = 0. 
Flux density profiles with the time 𝑡 = 0 and the rotor angle 𝜃0 = 𝜋/2 are presented in the 
following Figure 3.28. The MSE of the analytical model calculation results are also listed 
in Table 3.6, with the FEA simulation results set as the reference data. It can be observed 
from the plots and the MSEs that the analytical results are showing good match with the 
FEA results on the SynRM with circular flux barriers, but are not as accurate as the 
calculations on the SynRM with the C-shaped flux barriers. This is majorly due to the 
existence of the large rotor surface area marked by angle 𝛼1 in Figure 3.26. Such large 
region leads to magnetic potential variations on this rotor surface segment, while the 
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magnetic potential is assumed to be a constant value in the MEC model. The saturation 
effect is another reason for such inaccuracy. Even though the saturation effect is analyzed 
by the nonlinear MEC model, the extent of saturation varies a lot at different locations of 
the machine iron and cannot be precisely analyzed by the proposed segmentation used to 
build the MEC. However, such minor discrepancy does not affect the accuracy of the 
performance calculations of the analytical model. The performance indices calculated by 
the analytical model and the FEA simulation at 𝜃0 = 𝜋/4 are compared in Table 3.7 in the 
same way as in Table 3.4. It is shown that the average torque calculation of the analytical 
model is having an acceptable error (around 5%) compared with FEA results, while the 
eddy current loss and the hysteresis loss are showing larger errors. Such larger rates of 
errors in core loss calculation are still considered to be acceptable due to the reason 
explained previously in Section 3.3.1. The machine efficiency estimated by the analytical 
model is very close to the value calculated by the FEA simulation. 
The analytical model can be more accurate in calculating the flux density profile 
by segmenting the machine in smaller parts and building an MEC with more vertices. 
However, this will make the model more time-consuming to solve, and is not necessary 
since the originally proposed analytical model already shows its credibility in performance 
calculation of the SynRM. 
Overall, it has been proven that the calculation results of the proposed analytial 
model are showing good agreement with the FEA simulation results on the SynRM with 
circular flux barriers. 
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Figure 3.27 The flux density profile with 𝜃0 = 0 and 𝑡 = 0 for the SynRM with 
circular flux barriers. 
 
Figure 3.28 The flux density profile with 𝜃0 = 𝜋/2  and 𝑡 = 0 for the SynRM with 
circular flux barriers. 
Table 3.6 The mean square errors of the flux density values calculated by the 
analytical model at different rotor angles for the SynRM with circular flux barriers. 




Table 3.7 Performance indices of the SynRM with circular flux barriers calculated 
by the analytical model and the FEA simulation. 
 Analytical Model FEA Simulation Error 
Average Torque 8.74Nm 9.23Nm 5.3% 
Eddy Current Loss 3.5W 3.3W 6.1% 
Hysteresis Loss 7.1W 6.6W 7.6% 
Copper Loss 81.1W N.A. 
Weight 15.3kg N.A. 
Efficiency 91.0% 91.4% 0.4% 
 
3.4 Chapter Summary 
This chapter introduces the basic principles of the SynRM, and presents the 
common topologies of the state-of-the-art SynRM designs. The proposed analytical 
modeling method of the SynRMs is then illustrated. The Maxwell’s equations are adopted 
in order to solve the air-gap flux density of the SynRM, from which the average torque can 
be calculated. The conformal mapping technique is applied to simplify the complicated 
boundaries of the air-gap region, so that the boundary conditions are easier to be found. A 
nonlinear MEC model is proposed with the purpose of calculating the boundary condition 
(magnetic potential values) on the rotor surface, while the boundary condition on the stator 
surface is the MMF created by the stator windings.  
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Other performance indices such as the eddy current loss and hysteresis loss in the 
iron can also be calculated by the proposed analytical model. The calculation results of the 
analytical model, including the air-gap flux density profile, the average torque, the iron 
losses and the efficiency are verified by the FEA simulations on two SynRMs with different 
rotor designs. It is shown that the proposed analytical model can provide accurate 
calculation results of the performance indices for the SynRMs with common topoloties, 
thus is capable of serving as a SynRM design tool which is less time-consuming than the 
FEA simulations during the design optimization process. 
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CHAPTER 4. MULTI-OBJECTIVE DESIGN OPTIMIZATION 
OF THE SYNCHRONOUS RELUCTANCE MACHINES 
The proposed analytical electro-magnetic (EM) model of the SynRM introduced in 
CHAPTER 3 can be synthesized with the evolutionary algorithms in order to conduct 
design optimization of the SynRM. With machine design parameters as inputs, the 
proposed analytical model is able to provide the essential performance indices (PIs) for 
optimization purposes, including the average torque, torque density and efficiency. Due to 
the mathematical complexity of the analytical model, the optimization problem is not 
differentiable and the classic optimization methods such as gradient descent is not 
applicable for such problem. Consequently, the evolutionary algorithms such as the particle 
swarm optimization (PSO), differential evolution (DE) and genetic algorithm (GA) are 
very effective candidates for finding the optimal designs based on the analytical model of 
the SynRM. 
In order to form a multi-objective optimization (MOO) problem, one can either 
build the objective function by a weighted sum of various machine PIs or make the final 
optimal solutions converge to the Pareto front. The weighted-sum objective function 
provides the designer of the freedom to adjust the weights of different PIs, while the Pareto 
front ensures that each design on the front cannot be changed to improve one of the PIs 
without weakening the other PIs.  
Among the most common rotor designs of the SynRMs shown in Figure 3.1, Figure 
3.2 and Figure 3.3, the rotor geometry with the C-shaped flux barriers, presented in Figure 
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3.1, has the potential of adding permanent magnets (PMs) in the flux barriers for better 
performance, and is thus chosen for design optimization in this chapter.  
This chapter adopts both the PSO and the DE algorithms to perform the MOO on 
the SynRM based on the proposed analytical model of the machine. Both algorithms 
converge to the Pareto front, and the Pareto fronts generated by the two algorithms are 
compared. One optimal SynRM design is chosen from the Pareto front for further analysis 
conducted by the FEA simulation. The FEA simulation results of the chosen optimal design 
show consistency with the analytical calculations, thus proving the effectiveness of the 
proposed optimal design procedure of the SynRM. 
4.1 Specification of the Design Variables 
Design of the SynRMs requires selections of numerous values that may include 
stator bore diameter, stack length, slot/pole combination, stator winding turns and wire 
diameter, as well as various geometry parameters. However, not all design parameters have 
to be optimized during the design process due to the similarity rules of machines. A new 
SynRM can inherit lots of specifications from an existing design, since such specifications 
are already proven to be feasible and optimal from the past experience. For the SynRM 
shown in Figure 3.1, the stator core and windings are adopted from an existing induction 
machine, thus are all kept unchanged during further design optimization with the purpose 
of reusing the existing stator laminations, coils, and machine chassis. Consequently, the 
number of poles is also fixed at four, and the outer diameter of the rotor remains unchanged. 
Furthermore, the optimal number of flux barriers per pole is discussed in [96], 
yielding the conclusion that the best performance can be achieved with three flux barriers 
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per pole for a 4-pole SynRM. The number of rotor flux barriers per pole is thus fixed at 
three during the design optimization process. Centerlines of the flux barriers are also kept 
at the same positions as shown in Figure 3.1 and Figure 3.5, so that the flux barriers are 
evenly distributed along the radial direction. Moreover, the flux barriers should be parallel 
with each other in a typical SynRM design, which results in the situation that choosing the 
angle 𝛼1 in Figure 3.5 will also determine the values of 𝛼2 through 𝛼4 and 𝛽1 through 𝛽3. 
Consequently, the thicknesses of the flux barriers (𝑏1, 𝑏2, and 𝑏3 marked in Figure 3.5) and 
the angle 𝛼1  in Figure 3.5 are chosen as the design variables for the SynRM design 
optimization. 
Due to the rotor geometry constraints, the upper and lower limits of the design 
variables have to be chosen during the design optimization. Table 4.1 lists the geometrical 
limits of the design variables. The upcoming sections will focus on optimizing the SynRM 
performance by choosing the proper values of the design variables which should be within 
the geometrical limits. 
Table 4.1 Geometrical limits of the SynRM design variables. 
Design Variables Limits 
𝑏1 in Figure 3.5
 3.13mm~9.13mm 
𝑏2 in Figure 3.5 3.13mm~9.13mm 
𝑏3 in Figure 3.5 4.82mm~10.82mm 
𝛼1 in Figure 3.5 34.5°~52.5° 
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4.2 Design Optimization Algorithms 
The average torque, efficiency, and torque density (defined here as torque divided 
by rotor weight) are chosen as the design objectives in the multi-objective optimization 
process. The evolutionary algorithms have the priority in solving such problem due to the 
complication of the machine model. The optimal results should converge to the Pareto 
front, which is a set of multiple designs rather than a single optimal design. Both PSO and 
DE algorithms can be adopted to find the Pareto front, and the procedures of the two 
algorithms are introduced in this section. 
4.2.1 Particle Swarm Optimization Procedure 
The PSO finds the optimal solutions by mimicking each design candidate with a 
particle, whose location indicates the corresponding design parameters. A swarm of 
particles are evaluated in each iteration, and the velocities of the particles are calculated 
from the optimal designs in the current iteration. The swarm of particles then moves to the 
new locations for a certain length of time with the calculated velocities, starting a new 
iteration. The iterative process terminates until a clear Pareto front has been reached and 
none of the particles can move beyond the Pareto front.  
The PSO is effective in solving problems with complicated local minima and 
discontinuities [97]. The procedure of the multi-objective PSO can be summarized as 
follows: 
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1）Select the parameters that need to be optimized, which are the thicknesses of 
the flux barriers (𝑏1, 𝑏2 , and 𝑏3  marked in Figure 3.5) and the angle 𝛼1  in 
Figure 3.5. 
2）Select the number of particles, as well as the random initial positions and 
velocities of the particles. 
3）Choose the dominating particles and store their positions into the repository, 
thus generate the Pareto front at the current iteration. 
4）Randomly pick one particle from the repository as “global best” (gbest). 
5）Systematically “fly” the particles through the solution space [97]: 
a) Evaluate particle fitness: Compare to “global best” (gbest) and “personal 
best” (pbest); 
b) Update each particle’s velocity according to the relative values of gbest and 
pbest by the following equation: 
 𝑣𝑛 = 𝜔𝑣𝑛 + 𝑐1𝑟𝑎𝑛𝑑() ∙ (𝑝𝑏𝑒𝑠𝑡,𝑛 − 𝑥𝑛) + 𝑐2𝑟𝑎𝑛𝑑() ∙ (𝑔𝑏𝑒𝑠𝑡,𝑛 − 𝑥𝑛) (4.1) 
6）Move each particle by applying the velocity for a given time step ∆𝑡, and the 
position is updated to: 
 𝑥𝑛 = 𝑥𝑛 + ∆𝑡 ∙ 𝑣𝑛 (4.2) 
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7）Update the repository by eliminating dominated positions and adding 
dominating positions. 
Steps 4) to 7) are repeated until the termination criteria are met. 
During the procedure stated above, it is notable that each particle represents one 
possible SynRM design candidate, and the position of each particle represents the values 
of the design variables. Also, a dominating particle is identified if none of the other existing 
particles outweighs this particle in all of the three PIs, which are the torque, torque density, 
and efficiency in this problem. A dominated particle is then identified if there exists at least 
one particle that outweighs this individual in all of the three PIs. 
4.2.2 The Differential Evolution Algorithm 
The DE algorithm is another evolutionary optimizer which has been proved 
effective and is widely adopted as a reliable and fast search algorithm [98]. DE mimics the 
evolution of creatures, starting from a random initial population with each individual 
representing a specific SynRM design. Each individual in the initial population then goes 
through the mutation and crossover operations of DE, which finally creates a new 
generation of offspring. Each design in the new generation is evaluated and compared with 
the corresponding individual in the initial population, after which only the superior 
individual survives in order to remain the total population unchanged. The surviving 
individuals form the new population and keep going the aforementioned process until no 
superior individual in the offspring can be found. A multi-objective DE optimizer is 
developed in this research as described below: 
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1) Select the parameters that need to be optimized, which are the thicknesses of 
the flux barriers (𝑏1, 𝑏2 , and 𝑏3  marked in Figure 3.5) and the angle 𝛼1  in 
Figure 3.5. 
2) Select the number of candidate solutions in the population, as well as the 
random positions of the candidates that indicate the values of the design 
parameters. 
3) Conduct mutation and crossover operations for each individual in the initial 
population in order to calculate the individual’s potentially new position. For 
the ith individual with position 𝑥𝑖, do the following as introduced in [99]: 
a) Mutation: calculate the mutant vector by combining three different, 
randomly chosen agents from the population following: 
 𝑦𝑖 = 𝑥𝑎 + 𝐹 ∙ (𝑥𝑏 − 𝑥𝑐) (4.3) 
where 𝑦𝑖 is the mutant vector, 𝑥𝑎, 𝑥𝑏 and 𝑥𝑐 are the positions of the three 
randomly chosen agents, and 𝐹 is the scale factor that controls the rate at 
which the population evolves. 
b) Crossover: pick a random index 𝑘𝑖 ∈ {1,… , 𝑛}, where n is the number of 








where 𝑗 ∈ {1,… , 𝑛}, indicating the jth element in the position coordinate, 
and 𝑝𝐶𝑅 ∈ [0,1], which is called the crossover probability. 
4) Evaluate the positions 𝑧𝑖  and 𝑥𝑖 , and make the dominating position survive. 
Domination is identified if the performance of one position outweighs the other 
one in all the three different PIs. 
Repeat steps 3) and 4) until the termination criteria are met. 
4.3 Optimization Results 
Both the multi-objective PSO and the multi-objective DE are conducted in this 
section following the procedures introduced before. The proposed analytical model of the 
SynRM is used to evaluate the PIs from the design variables. 
The PSO is performed with a swarm of 20 particles, and 30 iterations are conducted 
to find the final Pareto front. The personal learning coefficient 𝑐1 and the global learning 
coefficient 𝑐2 in (4.1) are given the values of 1.5 and 2.0 respectively. The 600 designs are 
collected in Figure 4.1 as colored dots, and the color is indicating the current number of 
iterations of the corresponding design. The Pareto front obtained after the 30 iterations is 
plotted in Figure 4.2. The whole process takes only 14 minutes and 53 seconds on a 
MacBook with 2.8GHz Intel Core i7 processor and 16GB memory, thanks to the proposed 
fast-solving analytical model of the SynRM. Such optimization process could take hours 
or even days if the FEA tool is applied for evaluating the 600 designs. 
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Figure 4.1 Collection of the designs emerged during the multi-objective PSO. 
 
Figure 4.2 The Pareto front found by the multi-objective PSO. 
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The multi-objective DE is also performed based on the proposed analytical model 
of the SynRM. The population size is fixed at 40, and 30 iterations are conducted. The 
scale factor 𝐹 in (4.3) is randomly chosen in the range of 0.2 to 0.8, and the crossover 
probability 𝑝𝐶𝑅 in (4.4) has the value of 0.2. A collection of all the analyzed designs is 
presented in Figure 4.3, where the color of each dot indicates the current number of the 
evaluated design. Figure 4.3 plots the Pareto front, which consists of the dominating 
designs in the last generation. Figure 4.5 compares the Pareto fronts obtained from the PSO 
and the DE algorithms. It is presented that the two Pareto fronts are showing good match 
with each other, proving that the same optimal designs have been found by both optimizers.  
It takes 34 minutes and 22 seconds on a MacBook with 2.8GHz Intel Core i7 
processor and 16GB memory to conclude this process. The time consumption is higher 
than the PSO process due to the increased number of designs to be analyzed in this DE 
optimization procedure. Such increment comes from the selection of a large population and 
the sufficient number of iterations, which are essential for converging to the final Pareto 
front, while increasing the time consumption at the same time. Consequently, the 
population size and number of iterations should be carefully chosen in both PSO and DE 
optimizations in order to obtain the optimal Pareto front while reduce the time consumption.  
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Figure 4.3 Collection of the designs emerged during the multi-objective DE. 
 
Figure 4.4 The Pareto front obtained by the multi-objective DE. 
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Figure 4.5 Comparison of the Pareto fronts. 
The tradeoff between the computational efficiency and the quality of the Pareto 
front can be evaluated by conducting multiple optimizations with different numbers of 
iterations and different sizes of population. The PSO and DE are both conducted with the 
following combinations: 1) 10 individuals, 10 iterations: 100 designs to be evaluated; 2) 
20 individuals, 15 iterations: 300 designs to be evaluated; 3) 20 individuals, 30 iterations: 
600 designs to be evaluated. The corresponding Pareto fronts are plotted in Figure 4.6, 
where the Pareto front generated by PSO with 20 individuals and 30 iterations (marked as 
PSO600 in Figure 4.6) is considered as the reference, indicating the real Pareto front. The 
time consumptions of each optimizer under each combination are compared in Table 4.2. 
The following conclusions can be made by observing Figure 4.6 and Table 4.2: 
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1) Increasing the population size and number of iterations will increase the time 
consumption while create a better Pareto front in both PSO and DE. 
2) With the same population size and number of iterations, the PSO generally 
creates a better Pareto front than the DE in this SynRM design optimization 
problem. 
3) Although the DE600 and PSO 300 Pareto fronts are both close with the PSO600 
Pareto front, the last one is chosen as the set of optimal designs since its time 
consumption is well acceptable. 
 
Figure 4.6 Comparison of the Pareto fronts obtained under different numbers of 
iterations and different sizes of population. 
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Table 4.2 The time consumption for creating each Pareto front. 
Pareto Front Time Consumption 
PSO100 2 minutes 26 seconds 
DE100 2 minutes 45 seconds 
PSO300 7 minutes 35 seconds 
DE300 8 minutes 10 seconds 
PSO600 14 minutes 53 seconds 
DE600 14 minutes 5 seconds 
Two designs on the PSO600 Pareto front (also plotted in Figure 4.2) are chosen for 
further validation. Design I focuses on improving the average toque and the efficiency, 
while Design II aims at increasing the torque density, which generally reduces the weight 
of the SynRM. The two designs are both marked on the Pareto front in Figure 4.7. 
 
Figure 4.7 The two chosen designs on the Pareto front. 
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Figure 4.8 Geometry of the SynRM Design I. 
The SynRM geometry of Design I is presented in Figure 4.8. FEA simulation is 
operated on this design to calculate the PIs, and the results are listed in Table 4.3. It can be 
concluded that the PIs calculated by the analytical model and the FEA simulation show 
good match with each other, and the optimized Design I outweighs the original design in 
terms of the average torque and the efficiency. Detailed parameters of Design I are 
provided in Table 4.4, while parameters of the original design are listed in Table 3.1. 
Table 4.3 Design I performance indices calculated by FEA and analytical model, 
compared with the original design. 
 Analytical FEA Error Original Design 




3.0Nm/kg 2.84Nm/kg 5.6% 3.53Nm/kg 
Efficiency 92.2% 92.1% 0.1% 91.7% 
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Table 4.4 Parameters of Design I. 
Parameters Value Parameters Value 
Stator outer radius 𝑅𝑠𝑜𝑢𝑡 100mm 𝑙𝑟1 indicated in Figure 3.5 50.55mm 
Stator inner radius 𝑅𝑠𝑖𝑛 56.4mm 𝑙𝑟2 indicated in Figure 3.5 58.54mm 
Rotor outer radius 𝑅𝑟𝑜𝑢𝑡 55.8mm 𝑙𝑟3 indicated in Figure 3.5 74.59mm 
Stack length 𝑙𝑠𝑡𝑎𝑐𝑘  68mm 𝑙𝑟4 indicated in Figure 3.5 88mm 
𝛼1 indicated in Figure 3.5 45.4° 𝑡1 indicated in Figure 3.5 8.82mm 
𝛼2 indicated in Figure 3.5 8.4° 𝑡2 indicated in Figure 3.5 4.85mm 
𝛼3 indicated in Figure 3.5 8.1° 𝑡3 indicated in Figure 3.5 5.71mm 
𝛼4 indicated in Figure 3.5 11.7° 𝑡4 indicated in Figure 3.5 10.2mm 
𝛽1 indicated in Figure 3.5 26.9° Stator yoke thickness 16mm 
𝛽2 indicated in Figure 3.5 8.25° Stator tooth width 7.85mm 
𝛽3 indicated in Figure 3.5 8.25° Stator slot opening 3.1° 
𝑏1 indicated in Figure 3.5 5.72mm Phase current peak value 
𝐼0 
4A 
𝑏2 indicated in Figure 3.5 5.0mm Slots per pole per phase q 2 
𝑏3 indicated in Figure 3.5 5.6mm Number of turns per coil 
𝑁𝑠 
105 
𝑙1 indicated in Figure 3.5 51mm Rotational speed 1000 rpm 
𝑙2 indicated in Figure 3.5 69.5mm Electrical angular speed 200𝜋/3 
𝑙3 indicated in Figure 3.5 86.6mm Copper wire area √2/2mm2 
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Table 4.5 Design II performance indices calculated by FEA and analytical model, 
compared with the original design. 
 Analytical FEA Error Original Design 




3.90Nm/kg 4.11Nm/kg 5.4% 3.53Nm/kg 
Efficiency 91.0% 91.5% 0.5% 91.7% 
Table 4.5 compares the analytical and FEA calculation results of Design II, with 
the PIs of the original design listed in the last column. It is again proved that the analytical 
calculation results match well with the FEA simulation, and the torque density of Design 
II outweighs the original design as expected. The geometry of Design II and the detailed 
parameters are presented in Figure 4.9 and Table 4.6 respectively. 
 
Figure 4.9 Geometry of the SynRM Design II. 
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Table 4.6 Parameters of Design II. 
Parameters Value Parameters Value 
Stator outer radius 𝑅𝑠𝑜𝑢𝑡 100mm 𝑙𝑟1 indicated in Figure 3.5 50.55mm 
Stator inner radius 𝑅𝑠𝑖𝑛 56.4mm 𝑙𝑟2 indicated in Figure 3.5 58.54mm 
Rotor outer radius 𝑅𝑟𝑜𝑢𝑡 55.8mm 𝑙𝑟3 indicated in Figure 3.5 74.59mm 
Stack length 𝑙𝑠𝑡𝑎𝑐𝑘  68mm 𝑙𝑟4 indicated in Figure 3.5 88mm 
𝛼1 indicated in Figure 3.5 52.5° 𝑡1 indicated in Figure 3.5 7.74mm 
𝛼2 indicated in Figure 3.5 8.4° 𝑡2 indicated in Figure 3.5 4.73mm 
𝛼3 indicated in Figure 3.5 8.1° 𝑡3 indicated in Figure 3.5 4.41mm 
𝛼4 indicated in Figure 3.5 4.4° 𝑡4 indicated in Figure 3.5 7.9mm 
𝛽1 indicated in Figure 3.5 30.45° Stator yoke thickness 16mm 
𝛽2 indicated in Figure 3.5 8.25° Stator tooth width 7.85mm 
𝛽3 indicated in Figure 3.5 6.25° Stator slot opening 3.1° 
𝑏1 indicated in Figure 3.5 7.9mm Phase current peak value 
𝐼0 
4A 
𝑏2 indicated in Figure 3.5 3.1mm Slots per pole per phase q 2 
𝑏3 indicated in Figure 3.5 10.2mm Number of turns per coil 
𝑁𝑠 
105 
𝑙1 indicated in Figure 3.5 51mm Rotational speed 1000 rpm 
𝑙2 indicated in Figure 3.5 69.5mm Electrical angular speed 200𝜋/3 
𝑙3 indicated in Figure 3.5 86.6mm Copper wire area √2/2mm2 
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4.4 Chapter Summary 
This chapter conducts both PSO and DE in order to achieve optimal designs of the 
SynRM based on the analytical model proposed in CHAPTER 3. Performance indices 
including the average torque, torque density and efficiency are considered. The multi-
objective optimization converges to the Pareto front, which is a set of multiple optimal 
designs. It is shown that the number of iterations and the size of the population affects the 
Pareto front when using PSO and DE optimizers. Such relation is then presented and 
discussed in this chapter. 
Two optimal designs focusing on different PIs are chosen from the Pareto front as 
feasible optimal design candidates. Their PIs are validated by FEA simulation, which again 
proves the accuracy of the analytical SynRM model. 
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CHAPTER 5. DESIGN OPTIMIZATION OF THE SINGLE-
PHASE INDUCTION MACHINES 
Similar to the design optimization of the SynRMs, analytical models are also 
desired during the design optimization process of the single-phase induction machines 
(IMs), as introduced in Chapters 1 and 2. The evolutionary algorithms can be used to find 
the optimal designs based on the fast-solving analytical model, after which the more time-
consuming FEA simulations can be performed to refine the final optimal design. 
This chapter starts with an introduction of the working principles and the common 
types of the single-phase IMs. The equivalent circuit model is then presented in order to 
calculate the performance indices (PIs) of the capacitor-run single-phase IM. The particle 
swarm optimization (PSO) algorithm is conducted based on the equivalent circuit model, 
so as to obtain the optimal designs. Two optimal designs focusing on improving different 
PIs are finally chosen for validation by the FEA simulations, which proves the 
improvement of the PIs and the reliability of the design optimization method.  
5.1 Basic Principles of the Single-Phase Induction Machines 
The 2-D geometry of a single-phase IM with a caged rotor is presented in Figure 
5.1, and it can be observed that the single-phase IMs have very similar geometries as the 
three-phase IMs. The rotor of the single-phase IM can be either caged or wire-wound, same 
as the three-phase IM, while the AC power fed into the stator windings should have only a 
single phase. The single-phase AC current is directly fed into the stator main winding, 
creating a pulsing magnetic field, which can be decomposed into a forward-rotating field 
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and a backward-rotating field. The two rotating fields can then create a forward and a 
backward torque on the rotor with short-circuit windings, in the same way as the three-
phase IMs. Consequently, the torque-speed curve of the single-phase IM can be plotted by 
superposing the forward and backward torque-speed curves of the three-phase IM, as 
presented by the solid curve in Figure 5.2 [100]. 
 
Figure 5.1 2-D geometry of a typical single-phase IM. 
 
Figure 5.2 Torque-speed curve of the single-phase IM [100]. 
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It is obvious from the torque-speed curve in Figure 5.2 that the starting torque of 
the single-phase IM is zero. In order to make the machine have self-start ability, the 
auxiliary winding is usually added in the stator. The auxiliary winding is orthogonal with 
the main winding, and is connected in series with a phase-shifting capacitor. The capacitor 
shifts the phase angle of the magnetomotive force (MMF) produced by the auxiliary 
winding, even though the power supply connected to the machine has only one single 
phase. Consequently, the orthogonal windings with MMFs in different phases will create 
a rotating magnetic field in the air-gap, which would produce the starting torque on the 
rotor. 
The auxiliary winding together with the capacitor can be cut off from the power 
supply when the rotor reaches a certain speed, making a capacitor-start single-phase IM. 
Such machines usually have high starting torque, since the auxiliary winding and the 
capacitor value are optimized in order to improve the starting performance. The auxiliary 
winding and the capacitor can also be connected at all times from start to normal operation, 
making a capacitor-run single-phase IM. Such machine may not have a very high starting 
torque, but usually has a higher efficiency and better torque performance during normal 
operation. A capacitor-start-capacitor-run single-phase IM can be made by using different 
capacitor values during the start and normal operation statuses. Such machines can achieve 
good starting torque as well as high efficiency, but are subject to more complicated design 
procedures. 
This chapter focuses on modeling and optimizing the capacitor-run single-phase 
IMs. Consequently, the average torque, efficiency and the power factor are the essential 
performance indices (PIs) during the design optimization process. 
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5.2 The Analytical Model of the Capacitor-Run Machines 
This section describes the analytical model of the capacitor-run single-phase IMs 
that have two sets of working windings during normal operation. Each winding generates 
a pulsing MMF that can be decomposed into a forward rotating wave and a backward 
rotating wave. Consequently, the single-phase IM can be modeled with four equivalent 
circuits [101], two of which represent the forward and backward components of the main 
phase, while the other two represent the forward and backward components of the auxiliary 
phase. The equivalent circuits can be used to analyze the PIs of the single-phase IM, and 
the parameters of the equivalent circuits can be calculated from the machine design 
parameters. The analytical model should be able to calculate the machine PIs from the 
design parameters, so as to be used during the design optimization process for finding the 
optimal designs. 
5.2.1 The Equivalent Circuits of the Single-Phase Induction Machines 
The aforementioned four equivalent circuits are presented in Figure 5.3. The 
circuits shown in Figure 5.4 are equivalent to the circuits in Figure 5.3, after one combines 
their impedances. It is obvious that 𝑅1𝑚, 𝑋1𝑚, 𝑅2𝑚, and 𝑋2𝑚 represent the resistances and 
the leakage reactances of the main phase, where 𝑅2𝑚  and 𝑋2𝑚  are the equivalent rotor 
values that can be seen from the stator. 𝑋𝑢 represents the magnetizing reactance of the main 
phase whose resistance is neglected. Similarly, 𝑅1𝑎, 𝑋1𝑎, 𝑅2𝑎, 𝑋2𝑎 and 𝑋𝑢𝑎 represent the 
parameters of the auxiliary phase, and 𝑅𝐶 and 𝑋𝐶 are the resistance and the reactance of 
the capacitor. The next section will introduce the performance calculation of the SPIM, 
based on the equivalent circuits. 
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Figure 5.3 The equivalent circuits of the single-phase IM: (a) Main phase forward; 
(b) Main phase backward; (c) Auxiliary phase forward; (d) Auxiliary phase backward. 
 
Figure 5.4 The simplified equivalent circuits of the single-phase IM: (a) Main phase 
forward; (b) Main phase backward; (c) Auxiliary phase forward; (d) Auxiliary phase 
backward. 
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5.2.2 Performance Calculation Based on the Equivalent Circuits 
The equivalent circuits presented in Figure 5.4 are used for deriving the PIs of the 
capacitor-run single-phase IM in this section, following the procedures in [101]. The 
following values are defined in order to simplify the equations during the performance 
calculation: 
 𝑅𝑓 = 0.5𝑅𝑓
′  (5.1) 
 𝑋𝑓 = 0.5𝑋𝑓
′ (5.2) 
 𝑅𝑏 = 0.5𝑅𝑏
′  (5.3) 
 𝑋𝑏 = 0.5𝑋𝑏
′  (5.4) 
The main phase voltage can be expressed as: 
 ?̇? = ?̇?𝑚
+ + ?̇?𝑚
− = 𝐼?̇?(𝑅𝑇 + 𝑗𝑋𝑇) − 𝑗𝐼?̇?[𝑎(𝑅𝑓 − 𝑅𝑏) + 𝑗𝑎(𝑋𝑓 − 𝑋𝑏)] (5.5) 
where ?̇?𝑚
+  and ?̇?𝑚
−  are the forward and backward components of the main phase voltage, 
𝐼?̇? and 𝐼?̇? are the current in the main winding and the auxiliary winding respectively, 𝑎 is 
the turns ratio between the auxiliary winding and the main winding, and:  
 𝑅𝑇 = 𝑅1𝑚 + 𝑅𝑓 + 𝑅𝑏 (5.6) 
 𝑋𝑇 = 𝑋1𝑚 + 𝑋𝑓 + 𝑋𝑏  (5.7) 
The auxiliary phase voltage can be expressed as: 
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 ?̇? = ?̇?𝑎
+ + ?̇?𝑎
− = 𝐼?̇?(𝑅𝑇𝑎 + 𝑗𝑋𝑇𝑎) + 𝑗𝐼?̇?[𝑎(𝑅𝑓 − 𝑅𝑏) + 𝑗𝑎(𝑋𝑓 − 𝑋𝑏)] (5.8) 
where ?̇?𝑎
+  and ?̇?𝑎
−  are the forward and backward components of the auxiliary phase 
voltage, and: 
 𝑅𝑇𝑎 = 𝑎
2𝑅𝑇 + 𝑅𝐶 (5.9) 
 𝑋𝑇𝑎 = 𝑎
2𝑋𝑇 − 𝑋𝐶 (5.10) 
Solving (5.5) and (5.8) yields: 
 𝐼?̇? = 𝑅5 + 𝑗𝑋5 (5.11) 
where 𝑅5 and 𝑋5 are representing the real and imaginary values of 𝐼?̇?, and their values are 
calculated as follows: 
 𝑅5 = 𝑅4[𝑅𝑇𝑎 − 𝑎(𝑋𝑓 − 𝑋𝑏)] + 𝑋4[𝑋𝑇𝑎 + 𝑎(𝑅𝑓 − 𝑅𝑏)] (5.12) 













 𝑅3 = (𝑅𝑇𝑅𝑇𝑎 − 𝑋𝑇𝑋𝑇𝑎) − 𝑎
2 [(𝑅𝑓 − 𝑅𝑏)
2




 𝑋3 = (𝑅𝑇𝑋𝑇𝑎 − 𝑋𝑇𝑅𝑇𝑎) − 2𝑎
2(𝑅𝑓 − 𝑅𝑏)(𝑋𝑓 − 𝑋𝑏) (5.17) 
𝐼?̇? can be similarly expressed as: 
 𝐼?̇? = 𝑅6 + 𝑗𝑋6 (5.18) 
where 
 𝑅6 = 𝑅4[𝑅𝑇 + 𝑎(𝑋𝑓 − 𝑋𝑏)] + 𝑋4[𝑋𝑇 − 𝑎(𝑅𝑓 − 𝑅𝑏)] (5.19) 
 𝑋6 = 𝑅4[𝑋𝑇 − 𝑎(𝑅𝑓 − 𝑅𝑏)] − 𝑋4[𝑅𝑇 + 𝑎(𝑋𝑓 − 𝑋𝑏)] (5.20) 
Hence, the input power can be calculated as: 
 𝑃1 = 𝑈1(𝑅5 + 𝑅6) + 𝑃𝐹𝑒1 (5.21) 
where 𝑈1 is the phase voltage, and 𝑃𝐹𝑒1 represents the iron loss in the stator. 
The output power can be derived and simplified into the following equation: 
 ⁡𝑃2 = {[𝐼𝑚
2 + (𝑎𝐼𝑎)
2](𝑅𝑓 − 𝑅𝑏) + 2𝑎(𝑅5𝑋6 − 𝑋5𝑅6)(𝑅𝑓 + 𝑅𝑏)}(1 − 𝑠)
− (𝑃𝑚𝑒𝑐ℎ + 𝑃𝐹𝑒2) 
(5.22) 
where 𝑃𝑚𝑒𝑐ℎ is the mechanical loss, and 𝑃𝐹𝑒2 is the rotor iron loss. 













where  𝜔𝑚 is the rotational speed of the rotor. 
Other performance indices (PIs) of the single-phase IM, including the rated slip, 
the rated power factor, the weight, the starting torque and the maximum torque, can all be 
calculated from the equivalent circuits as introduced in [101]. The procedure can be 
summarized in the flow chart presented in Figure 5.5. The calculations start from 
specifying the given design requirements and the basic machine parameters. The design 
requirements usually include the output power, the phase voltage, the number of poles and 
the efficiency. The basic machine parameters such as the bore diameter, the air-gap length, 
the rotor/stator slot numbers, the core length and the type of steel should also be selected 
at the beginning of the design process. All the other machine geometric parameters such as 
the slot, tooth and yoke geometries can then be calculated from these values. 
The air-gap flux density 𝐵𝛿 and the saturation index 𝐾𝑆 should then be assumed so 







where 𝐾𝑊𝑀  represents the winding factor, 𝜑  is the flux per pole, 𝐾𝐸  stands for the 
distortion index of the voltage waveform, and 𝐾𝐵 stands for the distortion index of the flux 
density waveform. 
 
Figure 5.5 Design procedure of the single-phase IM. 
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Other main winding parameters such as the stator current, the wire diameter, and 
the slot fill can be calculated after the number of turns has been obtained. The resistances 
and the leakage reactance in the equivalent circuit of the main winding can thus be 
calculated from the main winding parameters. 
The next step will be a non-linear magnetic circuit calculation, where the saturation 
effect is considered in order to obtain precise results. The precise 𝐵𝛿 and 𝐾𝑆 values can be 
obtained by solving the magnetic circuit iteratively. The iteration will continue if the 𝐵𝛿 
and 𝐾𝑆 values calculated in the current step are having large discrepancies with the values 
in the last iteration, as presented by the loop in Figure 5.5. The magnetizing current and 
the magnetizing reactance are also calculated in this step.  
After all of the parameters in the equivalent circuit have been obtained, the machine 
performance can be finally calculated. The PIs including the maximum torque, the rated 
efficiency, the rated power factor and the machine weight are chosen as the design 
objectives to be improved during the design optimization process. 
5.3 Multi-Objective Design Optimization for Single-Phase Induction Machines 
An original rough design of the capacitor-run single-phase IM can be created 
following the procedures presented above, which are detailed in [101]. The design 
objectives and the variables are then chosen for the optimization process. The particle 
swarm optimization (PSO) is adopted as the optimizer in order to conduct a multi-objective 
optimization to improve the PIs of the original machine. The objective function is defined 
as a weighted sum of the chosen PIs, which allows the designer the freedom to adjust the 
coefficients to cast more weight on one or more PIs. Two optimal designs focusing on 
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improving different PIs are created from the optimization process, and their PIs are then 
validated through FEA simulation. 
5.3.1 The Original Capacitor-Run Design 
The 2-D geometry of the rough design of a four-pole capacitor-run single-phase IM 
is presented in Figure 5.1. The rated voltage is 110V and the rated speed is 1620rpm. The 
main winding and the auxiliary winding are designed to be identical, marked as phase A 
and phase B in Figure 5.1. The windings are designed to be sinusoidal [101], so as to create 
a more sinusoidal magnetomotive force (MMF) in the air-gap. Consequently, the number 
of turns is different for each coil, and it is calculated that the coils with the coil pitch of 5 
slots should have 69 turns, and the coils with the coil pitch of 3 coils should have 50 turns. 
The winding diagram of the machine is presented in Figure 5.6, and the design parameters 
are listed in Table 5.1. 
 
Figure 5.6 The winding diagram of the single-phase IM. 
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Table 5.1 Design parameters of the original single-phase IM. 
Stator Parameters Value Rotor Parameters Value 
Stator outer diameter 117.3mm Rotor outer diameter 69.4mm 
Stator inner diameter 70.0mm Shaft diameter 10mm 
Number of stator slots 24 Number of rotor slots 34 
Stator slot height 8.1mm Rotor slot height 5.3mm 
Average stator slot width 6.75mm Average rotor slot width 2.31mm 
Stator slot opening 1.9mm Rotor slot opening 0.6mm 
Rated voltage 110V End ring height 8.5mm 
Run capacitance 6µF End ring width 3.2mm 
 
5.3.2 Design Optimization of the Capacitor-Run Single-Phase IM 
The design variables must be chosen at the very beginning of the optimization 
process. The outer diameter of the stator is fixed, since such parameter is usually specified 
in the design requirements due to the space limitation. The stator winding design and the 
current density are also unchanged in this research. Consequently, the stator inner diameter 
and rotor outer diameter are both fixed in order to not change the original saturation level 
of the stator and rotor yoke. The number of slots in the stator and rotor are usually chosen 
following the empirical combinations, thus are also not to be changed. 
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Based on the discussions above, the stator slot height, rotor slot height, end ring 
height, end ring width and the run capacitor value are chosen as the design variables, which 
are to be optimized in order to improve the PIs of the machine. The upper and lower limits 
of the design variables are listed in Table 5.2. 
Table 5.2 Limits of the single-phase IM design variables. 
Design Variables Limits 
Stator slot height 7.5mm~12mm 
Rotor slot height 1mm~15mm 
End ring height 5mm~10mm 
End ring width 2mm~10mm 
Run capacitance 3µF~40µF 
The design objective is represented by a function that is the weighted sum of 
various machine performance indices (PIs), including maximum torque (𝑇𝑚𝑎𝑥, in Nm), 
rated efficiency (Eff, in %), rated power factor (pf), and weight (Wt, in kilograms) at the 
rated working point. An example of such design objective function is shown as: 
 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 = −5 ∙ 𝑇𝑚𝑎𝑥 + 10 ∙ (1 − 𝐸𝑓𝑓) + 5 ∙ (1 − 𝑝𝑓) + 1 ∙ 𝑊𝑡 (5.26) 
The coefficients before each performance index should be chosen in such a way 
that each term in the objective function has approximately the same order of magnitude. 




Figure 5.7 The 2-D geometry of design A. 
 
Figure 5.8 The 2-D geometry of design B. 
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The PSO is then performed with a swarm of 20 particles, and 30 iterations are 
established to yield the optimal designs. The objective function is defined as shown in 
(5.26), and the coefficients are adjusted in order to emphasize different PIs for each 
machine design. Two designs focusing on different PIs are obtained. The design A focuses 
more on improving the maximum torque, and design B casts more weight on improving 
the rated efficiency. Table 5.3 lists the values of the design variables of the two designs, 
compared with the original design. The calculated PIs of the three designs are also listed 
and compared in Table 5.3. The 2-D geometries of design A and design B are presented in 
Figure 5.7 and Figure 5.8 respectively. 
Table 5.3 Values of the design variables and the calculated performance indices. 
 Design A Design B Original Design 
Stator slot height 10.2mm 8.2mm 8.1mm 
Rotor slot height 4.6mm 10.5mm 5.3mm 
End ring height 3.1mm 9.7mm 8.5mm 
End ring width 5.7mm 8.8mm 3.2mm 
Run capacitance 38µF 27µF 6µF 
Maximum torque 1.5Nm 1.45Nm 0.92Nm 
Rated efficiency 43.4% 47.5% 43.1% 
Rated power factor 0.94 0.87 0.82 
Weight 2.37kg 2.43kg 2.44kg 
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It can be observed from Table 5.3 that the maximum torque of design A is improved 
by 63% compared with the original design. The design B, which is expected to have 
improved efficiency, has an efficiency increment of 4.4% compared with the efficiency of 
the original design. The maximum torque of design B is also improved by 57.6% compared 
with the original design. 
The FEA simulations are then conducted on all the three designs in order to verify 
the accuracy of the calculated PIs. The FEA simulation results are compared with the 
previously calculated values as listed in Table 5.4, whose last column presents the errors. 
It is shown that the analytical results are having errors of around 10% compared with the 
FEA simulation results, which is majorly due to the large uncertainty in core loss estimation 
and the working point prediction. It is also observed from the FEA results that the 
maximum torque of design A is improved when compared with the original design, while 
design B has improvements in both efficiency and maximum torque. Such improvements 
are the same as expected by the analytical calculations, proving the effectiveness of the 
proposed design optimization method.  
Figure 5.9 shows the torque profiles of the three designs at their respective speeds 
of maximum torque. It is notable that the maximum torque PIs shown in Table 5.4 are 
calculated by taking the averages of the torque waveforms, and it can be seen from Figure 
5.9 that both design A and design B are showing improvement on the maximum torque 
value compared with the original design.  
 107 
Table 5.4 Comparison of the design indices calculated by the analytical model and 
the FEA simulations. 
 PI Analytical FEA Error 
Original 
Design 
Maximum torque 0.92Nm 0.85Nm 8.2% 
Rated efficiency 43.1% 52.2% 9.1% 
Rated power factor 0.82 0.74 10.8% 
Design A 
Maximum torque 1.5Nm 1.32Nm 13.6% 
Rated efficiency 43.4% 54.5% 11.1% 
Rated power factor 0.94 0.85 10.6% 
Design B 
Maximum torque 1.45Nm 1.29Nm 12.4% 
Rated efficiency 47.5% 58.3% 10.8% 
Rated power factor 0.87 0.8 8.8% 
 
Figure 5.9 The torque profiles of the designs at their respective maximum torque 
working points. 
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It takes approximately 90 seconds to evaluate the 600 designs and generate an 
optimal design on the MacBook with 2.8GHz Intel Core i7 processor and 16GB memory. 
Such time cost can be hours or days when conducting the design optimization with FEA 
tools. 
5.4 Chapter Summary 
This chapter illustrates the design optimization process of a capacitor-run single-
phase induction machine. The equivalent circuit model is adopted to analyze the single-
phase IM, so that the machine performance indices can be calculated from the design 
parameters. The PSO algorithm is then performed with the purpose of finding the optimal 
design parameters in order to improve the machine performance. Such design optimization 
scheme saves significant amount of time compared with using FEA for finding the optimal 
design. FEA simulations are performed for verification at the very end to validate the 









CHAPTER 6. CONCLUSIONS, CONTRIBUTIONS, AND 
FUTURE WORK DIRECTIONS 
This chapter concludes this dissertation by summarizing the work presented in the 
previous chapters and showing the contributions of the concluded research. 
Recommendations for future work are also given in the final section of this chapter.  
6.1 Conclusions 
The objective of the proposed research, as stated in Section 1.2, is to develop the 
analytical electro-magnetic (EM) models for synchronous reluctance machines (SynRMs) 
and single-phase induction machines (IMs), so as to generate the optimal designs to 
improve their performances. 
6.1.1 Analytical Model of Synchronous Reluctance Machines 
It is demonstrated in this dissertation that the analytical model is a time-efficient 
machine design tool compared with the prevalent finite element analysis (FEA) method. 
Consequently, an accurate analytical model is desired for analyzing the machine 
performance during the design optimization process. 
For the SynRM, the analytical model can be built based on either the magnetic 
equivalent circuit (MEC) or the Maxwell’s equations. The former one is more 
mathematically simple while requires lots of assumptions, and the latter one has more 
certainty while becomes more complicated in computation. This dissertation presents an 
analytical model based on the Maxwell’s equations in order to solve the air-gap flux density 
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of the SynRM. A nonlinear MEC model is also built in order to analyze the saturation effect 
in the machine iron. Such combination of the two modeling tools takes advantage of the 
accuracy of the Maxwell’s equations when calculating the air-gap flux density profile, 
while keeps the computational complexity at the minimum level by adopting the MEC 
model for the saturation analysis. The nonlinear MEC model is solved iteratively and 
converges to the working point on the B-H curve of the iron, after which the magnetic 
potential on the rotor outer surface can be calculated and will be used as one of the 
boundary conditions for solving the potential equations. The slotted boundaries of the air-
gap are simplified through conformal mapping before the potential equations can be solved 
and the air-gap flux density profile can be calculated. 
The performance indices (PIs) of the SynRM can then be computed from the 
calculation results of the MEC model and the potential equations. The average torque is 
calculated from the magnetizing inductances of the d and q axes, which are derived from 
the air-gap flux densities calculated by the potential equations. The iron losses are predicted 
from the flux densities in the iron regions, which can be calculated from the MEC model. 
Calculation of the copper loss and machine weight can be conducted by straightforward 
analytical operations. The proposed analytical model is thus able to provide the PIs from 
the given design parameters of the SynRM in a time-efficient way, which is desired in the 
design optimization process.  
The accuracy of the analytical model is verified by FEA simulations on two 
SynRMs with different rotor geometries. Both a SynRM with the C-shaped flux barriers 
and another SynRM with the circular flux barriers, able to represent most SynRM designs, 
are presented and analyzed through the analytical model and FEA simulations. The air-gap 
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flux density profiles as well as the PIs are all calculated by the analytical model, and are 
all showing good match with the FEA results. 
6.1.2 Design Optimization of Synchronous Reluctance Machines 
The evolutionary algorithms are adopted to create a fast design optimization 
procedure of the SynRMs based on the novel analytical model. The SynRM with C-shaped 
flux barriers on the rotor is chosen for optimization. Four design variables related to the 
geometry of the rotor flux barriers are specified as the design variables, and three PIs, 
including the average torque, torque density (defined as torque divided by weight) and 
efficiency, are chosen to be optimized during the multi-objective optimization.  
Two evolutionary algorithms, the particle swarm optimization (PSO) and the 
differential evolution (DE), are applied as optimizers for finding the optimal designs. The 
optimization process should converge to the Pareto front, which consists of all the optimal 
designs. The performance of the two optimizers as well as the impacts of the population 
size and the number of iterations to the Pareto front are discussed in Section 4.3. It is 
concluded that the PSO algorithm with 20 particles and 30 iterations is an ideal optimizer 
for the proposed design optimization problem of the SynRM. 
Two optimal designs of the SynRM focusing on optimizing different PIs are chosen 
from the Pareto front for final validation with the FEA simulations. The PIs of the two 
designs are calculated through the FEA method, then compared with the results calculated 
by the analytical model. The errors are all within the acceptable range, proving the 
effectiveness of the design optimization method. 
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Using the PSO algorithm with 20 particles and 30 iterations, the multi-objective 
design optimization problem can be solved in only 14 minutes and 53 seconds on a 
MacBook with 2.8GHz Intel Core i7 processor and 16GB memory, thanks to the proposed 
fast-solving analytical model of the SynRM. Such optimization process could take hours 
or even days if the FEA tool is applied for evaluating the 600 designs. 
6.1.3 Design Optimization of Single-Phase Induction Machines 
The design optimization procedure of the capacitor-run single-phase IMs is 
introduced in CHAPTER 5. The analytical model based on the equivalent circuits is 
adopted in order to calculate the PIs of the single-phase IM from the design variables. One 
initial design is created based on the analytical model and the past experience. 
Further optimization of the original design is conducted by the PSO algorithm. Five 
design variables and four PIs are chosen for design optimization following the discussions 
in Section 5.3.2. The objective function is defined as the weighted sum of the chosen PIs, 
and is to be minimized through the PSO. Two different optimal single-phase IM designs 
focusing on improving different PIs are generated by adjusting the weights of the objective 
function. The FEA simulations are conducted on the original design and the two optimal 
designs in order to verify the accuracy of the calculated PIs. It is shown that all the errors 
are within the range of acceptance, and the improvement of the PIs in the two optimal 
designs is proved through the FEA simulations. 
Such design optimization process takes approximately 90 seconds on the MacBook 
with 2.8GHz Intel Core i7 processor and 16GB memory, compared with hours or days 
when conducting the design optimization with FEA tools. 
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6.2 Contributions 
The contributions of this dissertation are summarized as follows: 
1) A novel analytical model for the SynRM is proposed. Such analytical model is 
majorly based on the Maxwell’s equations in order to minimize the 
uncertainties that usually lie behind the MEC models. The complex geometry 
of the air-gap region is transformed into a simple shape by taking use of the 
conformal mapping technique, which reduces the effort needed to find the 
boundary conditions and solve the potential equations. Although the saturation 
effect is analyzed by an MEC model with the purpose of reducing the 
computational complexity, the proposed analytical model is still more reliable 
and universal compared with the MEC-based models in the literature. The 
proposed analytical model maintains its accuracy on the SynRMs with common 
flux barrier geometries including the C-shape and circular shape, and has the 
potential to analyze all the SynRM designs. 
2) The proposed analytical model of the SynRM is able to calculate both the radial 
and the tangential components of the air-gap flux density vectors at any time 
point and any spatial position in the air-gap region. Such model thus has the 
potential to calculate the instantaneous torque profile of the SynRM based on 
the Maxwell stress tensor, which requires values of the air-gap flux density on 
both radial and tangential directions. As the flux lines in the air-gap region are 
usually assumed to be radial in the MEC models of the SynRMs, it is hard for 
the MEC model to calculate the amplitude of the tangential component of the 
air-gap flux density. 
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3) The two evolutionary algorithms, PSO and DE, are conducted based on the 
proposed analytical model of the SynRM, producing a general multi-objective 
design optimization method. The time consumption of such design optimization 
method is significantly reduced compared with the FEA-based methods, thanks 
to the accuracy and the time efficiency of the SynRM analytical model. Such 
design optimization method can be used as an effective tool at the beginning of 
the SynRM design process, and the optimal designs can be obtained through 
the proposed optimization procedure for further tuning with the FEA tool. 
4) The performance of the PSO and DE algorithms in solving the SynRM design 
optimization problem is discussed in this dissertation. The size of population 
and the number of iterations are identified as two important parameters that 
need to be carefully chosen when applying both the two optimizers. Different 
combinations of the population size and the number of iterations are selected 
for generating the Pareto fronts, which are then compared with each other. It is 
concluded that the PSO algorithm with a swarm of 20 particles and 30 iterations 
can converge to the best Pareto front with acceptable time consumption. Such 
choices of the parameters can be used as the guidance and the starting point for 
parameter selection in order to solve other SynRM design optimization 
problems. 
5) A design optimization procedure for the capacitor-run single-phase induction 
machine is proposed. Such optimization method adopts the equivalent circuit 
model for calculating the machine PIs from the design parameters. The 
objective function is configured as the weighted sum of the PIs, and the PSO 
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algorithm is applied for finding the optimal design. The proposed design 
optimization method is an excellent time saver compared with the FEA-based 
approaches, and is more scientific in providing the optimal design parameters, 
compared with the long-existing empirical design procedure of the induction 
machines. 
6.3 Publications 
The research work presented in this dissertation has resulted in several publications, 
listed as follows: 
1) H. Shao, S. Li and T. G. Habetler, “Calculating the unsaturated direct and 
quadrature axes magnetizing inductances of synchronous reluctance machines 
based on Maxwell’s equations and magnetic equivalent circuit,” 2017 North 
American Power Symposium (NAPS), Morgantown, WV, 2017, pp. 1-6. 
2) H. Shao, S. Li and T. G Habetler, “Analytical calculation of the air-gap flux 
density and magnetizing inductance of synchronous reluctance machines,” 
2018 IEEE Energy Conversion Congress and Exposition (ECCE), Portland OR, 
2018, pp. 5408-5413. 
3) H. Shao, S. Li and T. G. Habetler, “Multi-objective design optimization of 
synchronous reluctance machines based on the analytical model and the 
evolutionary algorithms,” 2019 North American Power Symposium (NAPS), 
submitted. 
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4) H. Shao, S. Li and T. G. Habetler, “A general analytical model of the 
synchronous reluctance machines based on the Maxwell’s equations and 
magnetic equivalent circuits,” will be submitted on IEEE Transactions. 
5) H. Shao, S. Li and T. G. Habetler, “Design optimization of a capacitor-run 
single-phase induction motor,” will be submitted on 2020 IEEE Energy 
Conversion Congress and Exposition (ECCE). 
6) S. Li, S. Zhang, C. Gong, H. Shao, G. Luo, L. He, R. G. Harley, T. G. Habetler, 
“An enhanced active dc-flux injection based approach for thermal monitoring 
of induction machines with closed-loop control schemes”, will be submitted on 
IEEE Transactions. 
7) C. Zhong, A. P. Sakis Meliopoulos, B. Xie, J. Xie, K. Liu, H. Shao, “Detailed 
multiphysics modeling of air-conditioned house,” 2019 IEEE PES Innovative 
Smart Grid Technologies Conference N.A. (ISGT N.A.), Washington, DC, 2019, 
accepted. 
6.4 Future Work Directions 
The following directions are recommended for future research that may extend the 
scope of the work presented in this dissertation 
6.4.1 Instantaneous Torque Calculations of Synchronous Reluctance Machines 
The air-gap flux density profile of the SynRMs can be accurately calculated with 
the analytical model introduced in this dissertation. Such analytical model is able to 
calculate both the radial and the tangential magnitudes of the flux density vector in the air-
gap region, which are the essential values for calculating the instantaneous torque of the 
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SynRM via the Maxwell stress tensors. An accurate calculation of the instantaneous torque 
will allow designers to analyze the torque ripple of the machine, which is an important 
performance index (PI) to be minimized during the machine design optimization process. 
The main challenge of the instantaneous torque calculation is the precise calculation 
of the radial and tangential magnitudes of the flux density vector. Although the flux density 
values on the radial direction calculated from the proposed analytical model have been 
proved as accurate by comparing with FEA simulation results, it is still challenging to 
calculate the tangential flux density values precisely with analytical models. One possible 
approach to perfect the analytical calculation results is to create a larger MEC model with 
more vertices that represent the different geometrical locations within the SynRM. Such an 
MEC model would take longer to solve while increase the accuracy of the magnetic 
potential calculation, which will yield more accurate flux density calculation results. 
6.4.2 Develop New Optimization Algorithms 
The PSO and DE algorithms are adopted as optimizers in this dissertation for 
finding the optimal SynRM and single-phase IM designs. The two evolutionary algorithms 
both show good convergence speed in solving the corresponding machine design 
optimization problems. However, larger time consumption may occur when more design 
variables are introduced, and it is necessary to adopt or develop other optimization 
algorithms for faster convergence speed. The particle velocity calculation method in the 
PSO as well as the crossover and mutation rules in the DE algorithm can be modified to 
improve the performance of the optimizer. Performance of other evolutionary algorithms, 
such as the genetic algorithm (GA), can also be tested and compared with PSO and DE. 
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6.4.3 Additional Design Variables 
The geometric parameters of the SynRMs and the single-phase IMs are chosen as 
the design variables in the design optimization problems presented in this dissertation. 
More machine design parameters such as the stator dimensions, the number of turns of the 
stator windings, as well as the lamination material can also be included as variables in the 
machine design optimization problems. Such addition of the design variables will create 
more complex optimization problems that take longer to converge, but would provide the 
designers with more freedom in adjusting the design parameters, which may lead to further 
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